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Exotic symmetric space over a finite field, III 

Toshiaki Shoji and Karine Sorlin* 



Abstract. Let X = G/H x V, where V is a symplectic space such that G = 
GL(V) and H — Sp(V). In previous papers, the authors constructed character 
sheaves on X, based on the explicit data. On the other hand, there exists a 
conceptual definition of character sheaves on X based on the idea of Ginzburg in 
the case of symmetric spaces. Our character sheaves form a subset of Ginzburg 
type character sheaves. In this paper we show that these two definitions actually 
coincide with, which implies a classification of Ginzburg type character sheaves 
on X. 
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Let k be an algebraic closure of a finite field F q with odd characteristic. Let 

V be an 2n-dimensional vector space over k and let G = GL(V). There exists an 
involutive automorphism 9 on G such that H = G e ~ Sp 2 n- Put G w = {g G G \ 
£> \ 9(g) = g~ 1 }, which is isomorphic to the symmetric space G/H. We consider the 

variety X = G L0 x V on which H acts diagonally. In [SS], [SS2], the intersection 
cohomology associated to iJ-orbits on X was studied. In particluar, the set of 
character sheaves X on X was defined in [SS] as a certain set of if-equivariant 
simple perverse sheaves on X. We consider the F^-structure on X with Frobenius 
map F : X — > X, and denote by X F the set of F-stable character sheaves A e X (i.e. 
such that F*A ~ A). It was shown in [SS2] that the set of characteristic functions of 
character sheaves in X F forms a basis of the space C q (X) of H F - invariant functions 
k> ■ on X p . 

Our definition of character sheaves on X was based on the explicit data of sim- 
ple perverse sheaves on X . However, there exists a more conceptual approach for 
defining character sheaves. In fact, Ginzburg [Gi] defined character sheaves on sym- 
metric spaces in a way independent of the classification, which is a generalization 
of Lusztig's definition of character sheaves, and Grojnowski [Gr] classified thsu de- 
fined charcter sheaves in the case of G/H. As pointed out by Henderson and Trapa 
[HT], it is possible to extend Ginzburg type definition of character sheaves on the 
symmetric space G/H to our variety X ~ G/H x V. We denote the set of thus 
defined character sheaves by X', tentatively. Then we have X C X', and in fact, 
X corresponds to the so-called principal series part of X' . As an analogy of the 
theory of character sheaves on reductive groups, it is natural to expect that the set 
of F-stable character sheaves X' F will form a basis of C q (X). So we conjectured in 
[SS2] that X = X' . The aim of this paper is to show that this certainly holds. 



•supported by ANR JCJC REPRED, ANR-09-JCJC-0102-01. 

1 



2 SHOJI AND SORLIN 

On the other hand, for any finite dimensional vector space V over k, we consider 
the variety X\ — G x V with G = GL(V), on which G acts diagonally. The set 
of character sheaves on X\, which is a certain set of G-equivariant simple perverse 
sheaves on A\, was introduced by Finkelberg, Ginzburg and Travkin [FGT]. We 
denote it as X[. They call those character sheaeves as mirabolic character sheaves. 
X[ was studied extensively by them in connection with affine Grassmannian and 
Hall algebras, and by Achar and Henderson [AH] in connection with the geometry 
of the enhanced nilpotent cone. However, the classification of X[ was not known. 
In this paper, we also give a classification of X[. 

Our strategy is quite similar to the case of character sheaves developed by Lusztig 
[L3, I]. We consider a variety X which is a direct product of various X, X\ as above 
and of various GL2 m /Sp2m, GL m . We construct induction functors and restriction 
functors on a certain category related to X, and define a cuspidal character sheaf as 
in the case of original character sheaves, by making use of restriction functors. We 
show that in our case cuspidal character sheaves only occur in the case where G is 
a torus, and that any character sheaf in X' is obtained as a simple direct summand 
of the induction from the Borel subgroup. This gives the required identity X = X'. 
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0. Preliminaries on perverse sheaves 

1. Intersection cohomology on G Ld x V- revisited 

2. Intersection cohomology on GL(V) x V 

3. Definition of character sheaves 

4. Induction 

5. Restriction 

6. Classification of character sheaves 



0. Preliminaries on perverse sheaves 

0.1. In this section, we list up some known properties of perverse sheaves which 
will be used later (mainly after Section 3). The basic references for them are [BBD] 
and [BL]. Let k be the algebraic closure of a finite field F q . For an algebraic variety 
X over k, let VX = V b c (X, Qj) be the bounded derived category of constructible 
Qrsheaves. Let VX-° be the full subcategory of VX whose objects are thouse K 
in T>X such that, for any integer i, dimsupp 7i l K < —i. Let VX-° be the full 
subcategory of T>X whose objects are those K such that DK e VX-°, where DK 
is the Verdier dual of K. The category of perverse sheaves M.X is defined as the 
full subcategroy of T>X whose objects are those K e VX-° fl VX-°. Hence M.X 
is the heart of the t-structure of T>X defined by (VX-°,VX-°), and is an abelian 
category in which all objects have finite length. 

We have a cohomological functor P H° : VX — > M.X. The perverse cohomology 
functor p W : VX -> MX is defined by p H' l K = p H (K[i]) for i e Z. For K e VX, 
a simple perverse sheaf A G M.X is said to be a perverse constituent of K if A is 
isomorphic to a simple constituent of some p H l K. 
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0.2. Let / : X — > Y be a morphism between algebraic varieties X and Y. We 



have functors /*, f\ : T>X — > T>Y and /*, /' : T>Y — > T>X which satisfy the following 
adjointness properties; for any A G VX, B G T>Y, 

(0.2.1) B.om(f*B, A) = Rom(B, /*A), 

(0.2.2) Hom(/,A, B) = Hom(A, /'£). 

If / is proper, f* — f\- If / is smooth with connected fibres of dimension d, /' = 
f*[2d](d), where (d) is the Tate twist. In this case, we set / = f*[d\. 

Assume that / is smooth with connected fibres of dimension d. The following 
properties are well-known (see [BBD, 4.2.5]); if K G *DY, then K G VY-° (resp. 
K G W-°) if and only if JK G VX^° (resp. JK G VX^°), hence K G A4F if and 
only if f'K G MX. Moreover, the perverse cohomology functor p H l commutes with 
/. We have 

(0.2.3) If K < VY^°, K' G VY^°, then 

Rom VY (K, K') = Kom vx (fK, JK'). 

In particular, / : MY — > MX is fully faithful. 

0.3. If G is an algebraic group acting on X, we denote by T> G (X) the G- 
equivariant derived category on X in the sense of Bernstein and Lunts [BL], which 
is a triangulated category with t-structure. As its heart, we have a category M G (X) 
of G-equivariant perverse sheaves. We have forgetful functors V G (X) — > T>X, 
M G {X) ->■ A^X. If G is connected, A^ G (X) ->■ A^X is fully faithful. 

If G acts on X, Y, and / : X — > Y is a G-equivariant map, the functors /; : 
VX ->■ Py, /* : X>y ->■ T>X can be lifted to the functors between £> G (X) and 
"D G (y), which we denote by the same symbols f\, f*. If / is a principal G-bundle, 
then /* : V G (Y) ->■ P G (X) factors through an equivalence py^T> G (X) by [BL, 
2.2.5]. We denote by f\, : T> (X) — > T>Y the inverse of this equivalence. 

0.4. Let T be a torus acting freely on X, and £ be a local system of T of rank 
one. We denote by T>c(X) the full subcategory of VX whose objects are complexes 
K such that a*K ~ CMK G P(T x X), where a : T x X -> X is the action of T. 
r>£(X) inherits the t-structure of T>X, and we denote its heart by Mc{X). We have 
forgetful functors V C (X) -»■ DX, A4 £ (X) ->■ A4X, and the latter is fully faithful. 
These properties comes from [BL]. If an algebraic group G acts on X, commuting 
with the action of T, then one can define T> G (X) and M G (X) in an obvious way. 

The following remark ([Gr, 0.6], [H2, Lemma 1.1]) is basic. 

(0.4.1) Let T be a functor VX — > T>Y which sends distinguished triangles in T>X 
to those in T>Y, and commutes with degree shift (such as the composite of f\, /*, f\, 
and degree shift). Take K G T>X. Then A is a perverse constituent of T(K) if and 
only if A is a perverse constituent of T(A') for some perverse constituent A' of K. 
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In fact, this follows easily from the perverse co homology long exact sequence 
associated to the distinguished traingle (T(Ki),T(K 2 ),T(K 3 )), where 

(K U K 2 ,K 3 ) = {vWKl-ilH^K^K) 

is the distinguished triangle obtained by applying the functor p r>o to the distin- 
guished trianlge ( p T< (K[i\), tf[i],J'T>i(.K'[i])). ' 



1. Intersection cohomology on G w x V -revisited 

1.1. We follow the notation in [SS]. In particular, G = GL(V) with dim V = 2n, 
and 9 : G — > G is an involutive automorphism on G such that H = G e ~ Sp2 n - Let B 
be a ^-stable Borel subgroup of G containing a ^-stable maximal torus T. As in [SS], 
put X = G w x V on which H acts diagonally, where G w = {g G G \ 9(g) = g^ 1 }, 
which coincides with the set {g9(g)' 1 \ g e G}. Let M C M x C • • • C M 2n = V 
be the total flag in V stabilized by B. Thus M C • • • C M n is the isotropic flag 
corresponding to B , and we have M n+i = M^_ { for % = 1, . . . ,n. Extending the 
notations in [SS, 3.1], we define, for any integer < m < 2n, 

X m = {(x,v,gB e ) e& e xVx H/B e | g~ l xg e B^\g- l v G M m }, 
X m = |J g(B w x M m ), 

g&H 

y m = {(x,v,gB e ) G Gf cg xVx H/B 6 \ g~ x xg G B^g^v G M m }, 
y m = |J </(££ x M m ), 

where Gf eg1 Bf cg are as in [SS, 1.8]. We consider the diagram 

a- 1 - 1 ) r* ^~x m ^% x m , 



where 7T^(x,v,gB e ) = (x,v) and a^ m \x,v,gB e ) = p(g~ l xg) (p : B w — ¥ T ld is 
the projection). For a tame local system S on T te , consider the complex K m = 
(7r( m ))*(a( m ))*£[dimA^j]. In the case where m — n, the structure of K n was de- 
scribed in [SS, Theorem 4.2]. In this section, we shall extend it to the case K n i 
where n' is any integer < nl < In. 

1.2. First we consider the case where n' < n. (What we need in later 
discussions is the case where n' > n. We include the case n' < n just for the 
reference.) We fix an integer n' < n, and write X n / , y n i , ^ n '\ etc. as X',y',ir', 
etc. Let ip' : y' —f y' be the restriction of n' on y'. As in [SS, 3.2], for each 
subset / C [l,n'] such that |/| = m, , we define a subset Mj of M n >, and a map 
ifrr-yi-* y^, where y^ = y m \y m -i and 
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Then y r can be identified with a subset of y' . Put (y+)' = (^O -1 ^™)- We define 
W = N H (T W )/Z H (T W ) ~ £„, and let W be a subgroup of W corresponding to the 
subgroup S n i of S n . Then W acts naturally on (3^)', and we have as in [SS, (3.4.1)] 

Ofa)'= II yi= II «>(5w, 

/C[l,n'] weW/W m 

\I\=m 

where W m is the stabilizer of [l,m] in W' (i.e., W^ ~ S*™ x S n >- m ). We denote by 
Vm : (^m)' — *" ^m the restriction of ■0' on (3^™)'- Then ^ is W'-equivariant with 
respect to the trivial action of W on y^. Let a' Q (resp. a/) be the restriction of 
a : X — > T' e to 3^' (resp. to 3^)- Let £ be a tame local system on T ib '. Then as in 

[SS, (3.4.2)], we have 



(O*(ao)*£ - ty/W*. 



/C[l,n'] 
\I\=m 



1.3. By [SS, 3.2], the map ^j is factorized 



as 



and the map £/ is a locally trivial fibration with fibre isomorphic to (SL 2 / B 2 Y — 
P{ , and the map r\i is a finite Galois covering with Galois group Wj, where /' is the 
complement of I in [1, n], and Wj is the stablilzer of / in W, i.e., Wj — S^ X S n ^ m . 
The map «/ is factored as aj = (3j o £ 7 by the map j3i : ytj — > T i0 . Let Ej = f3}£ be 
a local system on yj, and W^ the stabilizer of Si in Wj. We put W £l = W m ^ if 
/ = [l,m]. Also put Wsj = We in the case where I = [l,n]. Then by [SS, (3.4.3)] 
and by the remark below (3.4.3), we have End((?7j)*£j) ~ Qj[Wfe 7 ], the group algebra 
of Wsj, and (?,/)*£/ is decomposed as 

{m)*£i - p®£ P , 

P ew^ 

where C p = Hom(p, (?,/)*£/) is a simple local system on y^. 

Let W = W K (Z/2Z) 2 ™' be the Weyl group oftype C n >. Let W £ = Wf\ W £ 
and W^ e = W f) W £l for / = [l,m]. We define W£ = W £ x (Z/2Z) 71 ', W^g = 
V^m£ x (Z/2Z) n . Then by a similar argument as in [SS, 3.5], we see that 



:i-3.i) WMoQ m £ * tf-(pr B ') ® Ind ^ (^(Pi" m )®rf®/: 






where p is considered as a W^^-module by the restriction, and then is extended 
to W^-module (trivial extension), and H*(P'1~ m ) is regarded as an S' n /_ m x 
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(Z/2Z) n _m -module thorugh the Springer action of (Z/2Z) n ~ m and the S n '- m ac- 
tion arising from permutations of factors in P" ~ m . We extend p to a W^^-module 
p in such a way that the i-th factor Z/2Z acts trivially on p if % < m, and acts 

non-trivially otherwise. We define a W^-module V' by V' = Ind~f p. Note that 

V' is not necessarily irreducible. 

Let ipm be the restriction of ip' on ijp')~ l (y m ) , and £' m be the restriction of 
(a' )*£ on (jp')" 1 iy m ) . Then as in [SS, (3.6.1)], one can prove the following formula. 
Note that d m = dim^m- 

if(Pr n >f Ind^f (iJ-(Pf- m )8)p)8)IC(y m ,/: p )K] 
(1.3.2) Vn^ £ 

© V?®IC(ym',^)[dm'-2(n'-m)]Y 

0<m'<mnGW A / „ ' 

r m',£ 

Moreover, IC(3^n, £p) is a complex concentrated to degree 0, which is a constructible 
sheaf on y m . The following proposition can be proved in a similar way as Proposition 
3. 6 in [SS], by using (1.3.1) and (1.3.2). 

Proposition 1.4. (ip')*(a' )*£[d n '} is a semisimple complex on y' , equipped with 
W' £ - action, and is decomposed as 

ti(aQ*£[dn'] - H*(P n r n ') ® v' p ®ic{y m ,c p )[d m }. 

0<m<n' pG W^ £ 

Moreover, lC(y m ,C p ) is a constructible sheaf on y m . 

The following result is a generalization of Theorem 4.2 in [SS]. 

Theorem 1.5. Assume that n' < n and let K n / y T,s = TX^{a')*£ [d n >]. Then under the 
notation in Proposition 1.4, we have 

^, Tif ~F(pr n ')® v;®ic(x m ,c p )[d m ]. 

0<m<n' peW^ g 

Proof. Let A* = A^V*^. Put£+ = tt" 1 ^) and (A7+)' = (tt'^OO Hence 
(X+)' is a closed subvariety of X+. In [SS, 4.3], for each subset I of [l,n] such 
that [/[ = m, a subset A/ of X£ was introduced, and it was proved in [SS, Lemma 
4.4] that X£ is a disjoint union of Xj, where / runs over a subset of [l,n] such 
that |7| = m, and Xj gives an irreducible component of X£. The argument can be 
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applied also for the case of (X+)', and we have 

(1.5.1) (x+y= II xjc II x I = x+. 

IC[l,n'} IC[l,n] 

\I\=m \I\=m 

In particular, the first equality gives the decomposition of (X+)' into (a disjoint 
union of) irreducible components. 

Let 7i m be the restriction of n on X+, and n' m that of n' on (X+)'. Then 
the decomposition of X+ into irreducible components implies that (n m ) if a*£ ~ 
@ 1 {ji)*a*£, where 7Tj : Aj — )■ A^ is the restriction of 7r to A7 for each / C [l,n]. 
Then it follows from (1.5.1) that 

(1.5.2) (71^) *(«')*£ is a direct summand of (iv m )*a*£ . 

The following formula is an analogue of Proposition 4.8 in [SS]. 

(1.5.3) M>)*W£ * H'(Pr n ') ® i/-(Pr m )®V>IC(^,£ p ). 

(Here V"' = Ind w f p is regarded as a vector space, ignoring the W^-module struc- 

" m,£ 

ture, which coincides with V as a vector space.) We show (1.5.3). 3^ is an open 
dense smooth subset of X^, and the restriction of (71^) *(«')*£ on 3^„ coincides with 
(i/)' m )*(a' )*£. By (1.3.1), we have a similar formula as (1.5.3) for (ip' m )^(a' )*£. Note 
that (ir' m )*(a')*£ is a semisimple complex. Hence, in order to show (1.5.3), it is 
enough to see that supp A n y^ ^ for any direct summand A[i] (A: simple per- 
verse sheaf) of (7t^) >i ,(q; / )*£. But by (1.5.2), and Proposition 4.8 in [SS], we see any 
simple perverse sheaf appearing in the decomposition of (TT' m )*(a')*£ is of the form 
\G{X^Cp) up to shift, hence has a non-trivial intersection with y^. Thus (1.5.3) 
is proved. 

Let W' m be the restriction of n' on (7r') _1 (A' m ). By a similar discussion as in [SS, 
4.9], by using (1.3.2) and (1.5.3) instead of (3.6.1) and Proposition 4.8 in [SS], one 
can show the following formula for any m such that < m < n' . 

(1.5.4) 

(W' m UaT£[d 



m 



i/-(pr n ')®( H-(v n ;- m )®v p ®ic(x m ,c p )[d m ] 

© V' p ®lC{X m ,,C p )[d rn ,-2{n'-m)}\. 

0<m ; <mpG>V A , „ ' 

m,£ 

The theorem now follows from (1.5.4) by applying it to the case where m = n! . D 
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1.6. We consider the case where n' > n. By fixing such an n', we consider 
the objects X\ y', n', ip', etc. as before. M n i can be written as M n > = M^ for an 
integer n , and if we choose a suitable symplectic basis {ei, . . . , e n , fi, . . . , f n } of V 
consisting of eigenvectors for T, we have M n > = (e ± , . . . , e„ , e no+1 , f no +i, ■ ■ ■ , e n , /„). 
For each Id [1, n ], J C [n + 1, n], we define a subset M/^ of M n / by 

M ItJ = M I x~[[{e j ,f j )* 

where M 7 is as in 1.2, and( ei , /<)* = (e i? /,) -{0}. Then M/ il7 is a S 9 nZ H (T l *)-stable 
subset of M n >. We have a partition M n / = ]J 7J M 7;J , and U se i? fl^reg x ^,j) c 3m 

for m = |/| + | J|. Put 

y ItJ = Hx B '" z *<r , )(T£ g xM It j). 

Then [V/,j can be idenitifed with a subset of y. Put (D^£)' — (V ; ') _1 (3^m) f or — 
m < n. Then we have 

(5£)' = II 5V,j. 

\I\+\J=m 

One can check that 3^/,j are irreducible, and this gives a decompostion of (3^)' into 
irreducible components. But note that 3^/,j are not equidimensional. As in 1.2, we 
denote by ip' m : ( j>+)' — > y^ the restriction of ip' on (y+)', and ^/,j : 3^/,j — ^ 3^ the 
restriciton of ■*/>' on 3^/,j- Then under a similar notation as in 1.2, we have 

(1.6.1) WJ*K)*£ ^ (lM.</£- 

/C[l,no],JC[no+l,n] 

|/|+|J|=m 

For / C [l,n ], we define a parabolic subgroup Z h {T l6 }i of Z h {T l9 ) as in [SS, 
3.2]. Then M/j is Z^(T' e )/-stable, and one can define 

yi,j = Hx z »^<(Tf cg xMr,j). 
As in [SS, (3.2.1)], the map ■*/>/, j is decomposed as 

^/,j = yi,j — > yi,j — > y^, 

where £/ ; j is a locally trivial fibration with fibre isomorphic to P{ ~ P" . Here 
we consider the variety 

yiuj = H x z »^ e )^ (Tf cg x M 7UJ ) 

and the map r] I{JJ : 3^ijj — > 3^™ as in [SS, 3.4], which is a finite Galois covering with 
group Wiuj- Note that M 7uJ C M ItJ and Z H {T ie ) IVJJ C Z H (T te )j. It follows that 
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the inclusion T^ x ilpjj ^ T^ x Mi y j induces a map <p : 3^uj _ > 3^j,j such that 
^/uj — ?7j,j ° V 9 - Here we have 

y IUJ ~ ir/Pi x t;4, 5> /><7 ^ #/p 2 x T; c e g , 

where Pi = Z Zh{TlB)i{jj (z), P 2 = Z^^)^) for z G T r f g x M IyjJ . Since Pi = P 2 , we 

see that p gives an isomorphism 3^/uj ^> 3^/,j- The map j3i t j : y^j -¥ T id is defined 
similar to {3i u j as in [SS, 3.4]. We put £i y j = (3} jS and Shjj = P* IVJJ £. Then we 
have 

(1-6.2) (m,j)*£i,J — (viuj)*£iuj- 

Thus as in (3.5.2) in [SS], we have by (1.6.1) and (1.6.2), 

(1.6.3) (<J*K)*%+y- P'(Pf)®P®^. 

\i\+\J\=mpeW? UJ ,e 



1.7. For each 1 < to < n, let A^ = X m \X m _i as before. For each (x, i>) G 
G id x V, one can associate a subspace lV(x, i>) of V as in [SS, 4.3], and we have by 

[SS, (4.3.3)] 

X% = {(x,v) G G w x V | dimW(x,P) = to}. 

Put (£+)' = (O -1 ^™). For (x,v,#P 9 ) G (<£+)', we define its level (/, J) (/ C 
[l,n ], J C [n + 1, w]) as follows; assume that (x, t>) G P" 9 x M n i and that x = su, 
the Jordan decomposition of x with s G T w . V is decomposed into eigenspaces 
of s as V = V\ @ • • • @ V t . Then i> G M n > can be written as v = v± + ■ ■ ■ + v t 
with f i G M n / fl V since M n i is s-stable. Let Ui be the restriction of u on V- 
Thus (iii,Vi) G (Gi)uni x V with d = GL(Vi). Now M n / fl V has a basis which 
is a subset of the basis {ei, . . . , e n , /i, . . . , /„}. By using this basis, we decompose 
M n / n VJ = P,' © E'l with P| = M no n Vi. Let ^ = ^ + < with v[ G P,', < G Pf . 
Let m 8 = dimk[-Uj]fj and m^ = dim'k[ui]v' i , where k[«t]i>i = {vi,UiVi,u"iVi, ■ ■ ■), and 
similarly for k[wj]i^. We have m^ < rrii, and X^ m « = m since (x,v) G A^. Put 
to" = mj — m'i. The basis of V is given by {ej,fj \ j G P«} for a subset Pj of 
[1, n]. Then the basis of E\ is given by {e^ | j G Pj'} and the basis of E" is given by 
{e-j, fj | j G Pf} for subsets K[ = [1, n ]nPi, Pf = [n + l, n]nP;. As in [SS, 4.3], we 
define a subset /« of [1, n ] as the first w! { letters in P 4 ', and put / = \J i p Similarly, 
we define a subset P of [no + 1, n] as the first to" letters in K", and put J = ]J i p. 
From the construction, we have / C [l,TOj], J C [n + l,n] and |/| + \J\ = to, and 
the attachment (x, v) i-> (J, J) depends only on the P 9 -conjugate of (x, v). Thus we 
have a well-defined map (x,v,gB e ) \— > (I, J). We define a subvariety Xj j of (X+)' 

by 

A'/.j = {(x, v, gB e ) G (*+)' | (x, v, gB e ) k> (/, J)}. 

Then 3^-j is an open dense subset of Xjj for each /, J . The following lemma can 
be proved in a similar way as [SS, Lemma 4.4]. 
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Lemma 1.8. 



i X m)' - \ 1 X - 



I,J- 



IC[l,no],JC[n +l,n] 
\I\ + \J\=m 



1.9 As in [SS, 4.5] we consider the spaces W = M m ,V = W^-/W , and put 
G\ = GL(Wo),G2 = GL(Vq). Then Vq has a natural symplectic strucutre, and G 2 
is identified with a ^-stable subgroup of G. Let B\ be a Borel subgroup of G\ which 
is the stabilizer of the flag (Mk)o<k<m, and B 2 be a ^-stable Borel subgroup of G2 
which is the stablizer of the flag (M m+1 /M m C • • • C M^/M m ) in G 2 . Put 

Gi = {(x,^Si) G Gi x G 1 /B 1 I tf" 1 ^ G Bi}, 
G* = {(*,<?£?*) G Gf x G*/^ I s" 1 ^ G £#}, 

and define maps tt 1 : G\ — > Gi,7r 2 : G 2 e — > G 2 e by first projections. For a fixed 
m < n, we consider the varieties 



Q° n = {(x,v,W) I (x,v) eG i(> xV,W = W(x,v),dimW = m} ~ X^, 
H° m = {(x,v,W,<j> 1 ,<j> 2 )\(x,v,W)eg? n , 

0i : W 2+W ,<j)2 : W L /W 2^V (symplectic isom.) }, 

and morphisms 

qi:U° m ^g° m , (x,u,W,0i,^)i->(x,u,W), 

0"! :U Q m ->-Gi X G$,(X,V, W,0i,0 2 ) H> (0i(x|^)0^ 1 ,0 2 (x|p F x / ^)0 2 " 1 ). 

Extending the discussion in [SS, 4.8], we define a subset A"*j of (<-f+)' as follows; 
For (x, v) G G i6 x M n / with x = su G G t9 such that s G T t9 , the subsets K u K[, K'( 
of [l,n] are defined as before. We define Xf 3 as the set of all iJ-conjugates of 

(x, v, w^B e ) G (X+y such that ^(K^nl] = \K' t \ and Iw-^K^DJ] = \K?\ for each 
i and for all the possible choice of (x, v) and w 1 G VFh, where u> 7 is the distinguished 
representative of the coset 7 G -T = Wh, s \Wh- Then Af*j is a closed subset of (X+)' 

containing Xjj. {Xjj coincides with the iJ-conjugates of (x,f,w 7 -B 61 ) such that 
w~ x {Ki) Hi consists of the first \K[\ letters and that w^i^Ki) fl J consists of the first 

\K"\ letters). We define a map ipi : j : Xf 3 — y Q^ by (x,v,gB e ) 1— >■ (x,v,W(x,v)). 
Define a variety 

Zfj = {{x,v,gB e ,4> x ,<l> 2 ) I (x,v,gB e ) G *♦,, ^ : £/^W o ,0 2 : U^/U^V Q }, 

where U = W(x,v), and define maps 

Qi, J : z h -> <*?./> (z, u, ^^, 0i, 02) !->■ (x, w, #5 e ), 

£l,J : Z f,J ->• ?C> fa, U > ^^ ^1 ? ^2) >->• fa, V, W(z, U), 01, 2 ). 
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We define a map ai y j : Zfj — > G\ x Gf, (x,v,gB e ,<pi,<f)2) *-> ((xi,giBi), (#2, 02-B2)) 
as follows; let £/ = W(x,v), and put 07 = 0i(x|t/)0f 1 G Gi, a: 2 = <f>2(x\u ± /u) ( l > 2 1 e 
G 2 e . Let (Mfc) <fc<2n be the total flag in V as before, and let ([/$) be the total flag in 
t/ obtained from (£/n<7(Mfc)) <fc<2n- This defines an xi-stable total flag in Wq via 0i, 
and we denote the corresponding element in G\jB\ by g\B\. Thus (xi,<7i-Bi) G Gi. 
Contrast to the case in [SS, 4.5], g{M n ) is not necessarily contained in If- 1 -, but one 
can check that (g(M n ) fl U L ) + C//C/ is a maximal isotropic subspace in U — U ± /U. 
Hence we obtain an isotropic flag (Uj) on U from ((g(M k ) fl U^) + U/U)o<k<n- This 
defines an rr 2 -stable isotropic flag in Vq via 02, and (#2, 52-62) e ^sf * s determined 
from this. Thus 07, j is defined. 

We have a commutative diagram 



G x x Gff ^^ Zfj ^^ X* 



1.9.1) 



V/,J 






Gi x G 2 < H m > y m , 



where the right hand square is a cartesian square. We consider the fibre product C m 
of G\ x G 2 e with Ti^n over G\ x G 2 e , and let c/^ : Zfj — > C m be the natural map 
obtained from the diagram (1.9.1). Note that C m is the same variety given in [SS, 
4.8]. Let C m = \J a C a be the a-partition of C m defined in [loc. tit.]. We show by a 
similar argument as in the proof of [SS, (4.8.2)] that 

(1.9.2) The restriction of ci t j on c7j(C a ) is a locally trivial fibration over C a . 

In fact, under the notation in [SS, 4.8], for z = (x,v,(f>i,(f>2, {Uj)) G C a with x : 
unipotent, the fibre cj l j(z) is given as 

c?» - {(Yk) e T 6 X {V) I V no c u\ {{V k n C/ ± ) + C//C/) -». (I/,)}. 

(In this case, J = [IjTO'J and J = [hq + l,n + to"] with to = m! 1 + to'/.) Then 
as in [SS, 4.8], c7j(C a ,uni) _ > Ca.uni gives a locally trivial fibration, where C aiUni is 
the restriction of C a to its unipotent part. On the other hand, under the general 
setting, take (x,v,U,<f>i,(f>2) G VP m and {x\,g\B\) G Gi, (a^fi^-B^) e ^if so that it 
gives an element z G C a . Then 71 G A is determined from (xi,giB\) and 72 G A 
is determiend from (a^ffe-B^), where A, A are given by the semisimple part Si,S2 
of xi,X2- Now 7 G -T is determined from (71,72) as follows; we assume that the 
semisimple part s of x is contained in T l6 . The sets K[, K'( are determined as 
before. Put K = Yiii^'i U -^T)> an d ^ ^ c be the complement of K in [l,n]. Then 
iu 71 (resp. u> 72 ) is regarded via 0i (resp. </> 2 ) as a permutation on K (resp. K c ). We 
define a permutation w & S n by 

UJ \<(j) ifj€tf c . 
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We take 7 = Wh, s u! G Wh, s \Wh- Then u> 7 satisifes the condition that \w~ l (Ki) fl 
J| = \K[\ and |w^ 1 (_K"j) fl J\ — \K'/\ for each i. We have a bijection between (71,72) 
arising from G\ x Gff and 7 arising from Zfj. Then for such z G C a , c7j(z) is 
contained in J~2(V), and by using the argument in the unipotent case, we see that 
c7j(C q ) — > C a is a locally trivial fibration. Hence (1.9.2) is proved. 

By using a similar argument as in the proof of Propostion 4.8 in [SSI], it follows 
from (1.6.3) that 

is a semisimple complex and is decom- 



Proposition 

poased as 


1.10. 


«J*K) 


* p 1 


/ \0"m\ 


«J*( Q 


')*% 


'■&)'<■ m ' ~ 


|J|+|J|=mpSW^ 



H'^) ® p®lC{X^C p )[d m \. 

u.j,e 

We can now prove 

Theorem 1.11. Assume that n! > n and let K n / y T,£ = ft'*{ot!)*£\d n i\. Then K n i^,s 
is a semisimple complex belonging to T>(X)-° , and its simple summand (up to shift) 
is contained in the set \J 0<m<n {IC(X m: C p ) | p G W^}. 

Proof. For each < m < n, let n' m be the restriction of ix' on (n')^ 1 (X m ). Since 
W' m is proper, (11^)1,(0:')* £[d m ] is a semisimple complex. Since (W' n )*(a')*£[d n ] co- 
incides with K n i t T,s (note that d' n = d n if n' > n), it is enough to show that 
(K'm)*( a ')*£[d"m} G V(X m )-° and that its simple summand (up to shift) is con- 
tained in the set U 0<m / <m {[C(X m > , C p ) \ p G W^,/ £ }. But this is proved by a similar 
discussion as in [SS, 4.9], thanks to Propostion 1.10. □ 

2. Intersection cohomology on GL(V) x V 

2.1. In this section, we assume that V is an n-dimensional vector space over k, 
and G = GL(V). We consider the variety X = G x V on which G acts diagonally. 
Put X uni = G nn [ x V. Then X uni is a closed G-stable subset of X isomorphic to the 
enhanced nilpotent cone g n n x V studied extensively by Achar and Henderson [AH] 
and Travkin [T]. The following fact was proved independently by [AH] and [T]. 

Proposition 2.2 ([AH, Proposition 2.3], [T, Theorem 1]). The set of G- orbits of 
0nii x V is in bijection with V n ,2, the set of double partitions of n. 

2.3. The explicit correspondence is given as follows; for x G £j n ii, put E x = 
{g G End(V) | gx = xg}. Then E x is an x-stable subspace of End(V). For 
(x,v) G ni i x V, E x v is an x-stable subspace of V. Assume that the Jordan type 
of x is z/, a partition of n. Let A^ be the Jordan type of x\e* v an d A 1 - 2 ) the Jordan 
type of x\ V /e*v Then v = \W + A< 2 ), and we have A = (\V>,\W) G V n ,i- The 
correspondence (x, v ) 1— > A gives the above bijection. We denote by 0\ the G-orbit 
in g ni i x V (or the G-orbit in X UQi ) corresponding to A G V n ^- Note that the orbit 
containing (x, 0) corresponds to A = (0, A^). In that case, <D\ coincides with 0„, 
the G-orbit containing x in g ni i, with v = \( 2 \ 



EXOTIC SYMMETRIC SPACE, III 13 

Proposition 2.4 ([AH, Theorem 3.9]). For X, fi E V n ,i, O^ C O x if and only if 

fi < X, where /x < A is the partial order on V n ^ given in [SS, 1.7]. 

Recall that o(A) = 2 • n(X) + \\®\ (cf. [SS2, 5.1]). 

Proposition 2.5 ([AH, Proposition 2.8]). Let X = (A (1) ,A (2) ) G V n ,2, and put 

v = A^ + \( 2 \ Let (x,v) G 0\. Then we have 

(i) Zq(x,v) is a connected algebraic group of dimension a(X). 
(ii) dimC A = dim O v + [A^l = n 2 — a(X), where O v is the G-orbit in n n 
containing x. 

2.6. Let B = TU be a Borel subgroup of G, with a maximal torus T and the 
unipotent radical U. Let M = {0} C M x C M 2 C • • • C M n _i C M n = V be the 
total flag stabilized by B. We fix a basis {ei, . . . e n } of F such that M m = (d, . . . , e m ) 
for any to, and that e» are weight vectors for T. Let H^ = Nq{T)/T be the Weyl 
group of G. Then W ~ S^ is identified with the permutation group of the basis 
{ex, . . . , e n }. We define a subset Mn m ] of M m as before, i.e., 

m 

M[ 1>m ] = {v = ^ a j e j e M m I «j ■ ¥" for any j}. 

For any < to < n, we define varieties 

£ m = {(x,u,0.B) G G x V x G/B | # _1 X£ G £,0 _1 u G M m }, 
*m = |J g(B x M m ), 

geG 

y m = {(x,v,gT) eGxVxG/T\ g~ x xg G T^g~\ G M [1>m] }, 

y m = [J g(T T eg X M[i >m ]), 

see 

where T reg is the set of regular semisimple elements in T. In later discussions, we 
fix to, and define maps n : A" m — ¥ X m by n(x,v,gB) = (x,v), ip : 3^m — > y m by 
^(x, v, gT) = (x, v). Since y m ~Gx T (T rcg x Mn jm ]), X« is smooth and irreducible. 
Let H^ m be the stabilizer of {ei, . . . , e m } in W. Hence W m ~ S^ x S n - m . Then 
the map ^ : X« — >■ !Vm is a finite Galois covering with group W m , thus [Vm is also 
smooth irreducible. We have 

(2.6.1) dim y m = dim y m = dim G + to. 

Note that A" m ~ Gx B (BxM m ) is smooth and irreducible, and the map 7r : A" m — >■ A" m 
is proper, surjective. Hence X m is a G-stable irreducible closed subvariety of X. 
Since A" m D y m , and dimXn = dimA" m , we see that 

(2.6.2) The closure y m of y m coincides with X m . 
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LiGZ s\-m,\mi S\-m ' ' ''Mini, &HQ put <^-m,uni " \S\-m,mn) • J-jcX 711 • <^-m,,uni ' <^-m,uni 

be the restriction of n. Since A" mun i ~ G x B (U x M m ), A^^ is smooth, irreducible 
with dim X m , un \ = dimG uni + to. Moreover, Tti is surjective. We note that 

(2.6.3) X m ^ = O x for A = ((m), (n -m)). 

In fact, by the explicit correspondence given in 2.3, we see that 0a C X mt um- Since 
z/ = (m) + (n — to) = (n), a; is a regular unipotent element. Thus by Proposiiton 2.5 
(ii), dim 0a = dimG uni + m. This implies that dim Af mjU11 i = dim 0a > dimA^uni, 
and so dim 0\ = dimA m)Un i. Since A m)Un j is irreducible, the claim follows. 

Proposition 2.7. Let fi = (/j,^\ /j,^) e 7-^,2 ^ e stic/i #ierf |/i^| = to, l/i*- 2 - 1 ! = n — m. 
Then C M C A muni; and for (x,v) G (9^, we /iawe 

dimiri l (x,v) = -(dimA miUni - dimC M ) 

1 
= - (dim G uni + m - dim C M ) . 

Proof. If we put A = ((to), (n — to)), then fi < A. Hence by Proposition 2.3 and by 
(2.6.3) we have O^ C 0\ = X mjUlli . Here we have /i^ < (m),// 2 ) < {n — m) with 
respect to the dominance order of partitions. Note that our map %i : A muni — > X muni 
coincides with the map -k\ : T\ — > 0\ for A = ((to), (n — m)) given in [AH, 3.2]. 
Hence by Proposition 4.4 (1) in [AH] we have dim7r ] _1 (a;, v ) = (dim 0\ — dim 0^)/2. 
The proposition follows. □ 

2.8. We consider the diagram 

T < ao y t ) y 

where ao(x, v,gT) = p(g~ x xg) (p : B — > T is the projection). Let £ be a tame local 
system on T. Let W m £ be the stabilizer of S in W m . Since ip is a finite Galois 
covering with Galois group W m £, ip^a^S is a semisimple local system on y m such 
that End^aiof) ~ Qj[Wm,f], and is decomposed as 

(2.8.1) ^a*£~ p®C p , 

where £ p = Hom(p, ip^a^E) is a simple local system on y m . 
We consider the diagram 

1 i <*-m ' si-mi 

where a(x,v,gB) = p(g^ 1 xg). We consider the complex K mTj£ = n*a*£ [dim X m ]. 
In the case where 8 = Q;, the structure of K m T,e was described by Finkelberg and 
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Ginzburg [FG, Corollary 5.4.2]. The general case is done in a similar way, namely 
we have the following result. 

Theorem 2.9. K m ^,£ is a semisimple perverse sheaf on X m , and is decomposed as 

n*a*£ [dimAf m ] ~ p®IC(X m ,£ p )[dimX m ]. 

Proof. y m is an open dense smooth subset of X m , and 7r _1 (3^ m ) — y m - Hence 
the restriciton of 7r*a:*£ on y m coincides with the local system ip^a^S. In Propo- 
sition 5.4.1 (i) in [FG], it was proved that the map tx : X m — > X m is small, in 
the sense that there exists a stratification X m = H i>0 ^Q such that X = y m and 
that dini7r _1 (:r,t>) < (codim Xj)/2 for (x,v) G Xi if i > 0. Then 7T*a*£ [dim X m ] 
is a semisimple perverse sheaf, and is isomorphic to the intersection cohomology 
IC( y X m ,ip*aQ£)[dimX m }. Thus the theorem follows from (2.8.1). □ 



2.10. We consider the case where S = Qi. Then n^a*^ = ti*Qi, and 
7r*Q/U muni — (tti)*Q/. Moreover W m ,s = W m . Since 7Ti is semismall by [FG, 
Corollary 5.4.2], and 7Ti is G-equivariant, (7Ti)*Q/[^m] (<d = dim«Y mjUn i) is a G- 
equivariant semisimple perverse sheaf on X m ^ nn [. Since the number of G-orbits in 
<^m,uni is finite, and the isotropy subgroup of each orbit is trivial, we can write as 

(2.10.1) (7ri),Q,[<C] ~ po®A , 

Ls C_ Si-m 5 un i 

where Ae> = IC(0, Q;)[dim(9] and p = Hom(^4o, (7Ti)*Qj[dJJ) is a VF m -module. 
Note that W m ~ S m x S n - m , and W 7 ,^ is paprametrized by the set V n ^{jn) = 
{(A,/i) G P nj2 | |A| = m, |/i| = n — m}. We denote by V(a,/z) = Vx<8)V^ the (standard) 
irreducible PFm-module corresponding to (A,/x) G V n) i{jn)-, We have the following 
result as stated in 3.9 (11) in [FGT]. 

Theorem 2.11 (Springer correspondence). (i) (7Ti)*Qj[dJ n ] is a semisimple per- 

verse sheaf on X muni equipped with W m -action, and is decomposed as 

MAiWJ - V » ® IC(O m , Q/)[dimO M ] 

(ii) For eac/i /it G V n ^.{jn), let £ M = £ p &e £/ie simple local system on y m corre- 
sponding to p = Vn G W^. Then we have 

IC(^ m ,£ M )U muni ^IC(O M ,Q0H, 
where a = dim(9 M — dim X m ^ nn i. 
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Proof. The following argument was inspired by [FGT, Theorem 1] and [AH, Propo- 
sition 4.6]. Put 

Q m = {(x,v,W) | W C V,dimW = m,v eW,x(W) C W}. 

Then 7r : X m — > A" m is factored as 7r = 7r" o 7r', where tt' : A" m — > Q m , (x,v,gB) i— > 
(x,u,^(M m )), vr" : O^ A^,(x,u,W) h> ( x ,u). Put F = V/M m , and d = 
GL(M m ), G 2 = GL(V). Let 5i = B n Gi be the Borel subgroup of Gi, and 
_B 2 be the Borel subgroup of G 2 which is the stabilizer of the flag M m+ i/M m C 
••• c ^/M m = F in G 2 . Put Gj = {(x,gBi) G G t x G^S* | ^a^ G £;} and 
Pi : Gi — > Gi, (x, gBi) i—)- x for i — 1,2. We consider the commutative diagram 



(2.11.1) 



Gi X G 2 <r 

P1XP2 

G\ x G 2 «- 



JZ* n 



7ir, 



-> Al, 



-* £n 



where 



7l r 



X„ 






and g is the projection on the first three factors, s is the map defined by 

\w)<t>T l A-2{Av/w)(t>2 



s:{x,v,W,(t>i,4>2)^{(t>i{x\ ' ' ■ ' ■■' ! " h 



Z m is the fibre product of Af m and "H m over C/ m , which is isomorphic to the fibre 
product of G\ x G 2 and "H m over G\ x G 2 . One can check that q is a principal 
bundle with group G\ x G 2 , and that s is a locally trivial fibration with smooth 
connected fibre of dimension n 2 + m. Let K t = (p^) *Qj [dim Gj] for i — 1,2. Then it 
is well-known that 



(2.11.2) 



tfx- ^ A (8)IC(G 1 ,£ A )[dimG' 1 



AePrr 



iT 2 ~ V;®IC(G 2 ,£ M )[dimG 2 ], 

A* ^ In — m 

where V\ is the irreducibel S^-module, and C\ is a simple local system defined on 
(Cri)reg corresponding to A G V m , and similarly for G 2 . We consider the complex 
K\ E3 K 2 on Gi x G 2 . By the property of the maps s, q(see 0.2, 0.3), there exists a 
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unique semisimple perverse sheaf A m on Q m such that 

(2.11.3) q*(A m )[m 2 + (n - mf] ~ s*(^i E f^M^ 2 + m]. 

Then by using the fact that 7r is small, the following formula can be proved by a 
standard argument. 

(2.11.4) n';(A m )~ir*Qi[d™X m }. 
Now A m can be decomposed by (2.11.2) as 

A m — y^ Vfj, ® A^, 

(iePn,2(m) 

where A M is a simple perverse sheaf on Q m defined as in (2.11.3), but by replacing 
Ki by IC(Gj, £„(i) ) [dim Gj] . By Theorem 2.9, we have 

7r„Qi[dim# m ] ~ V r / ,(g>IC(A' m ,£ / 0[dimA' m ]. 

By considering the restriction of the diagram (2.11.1) to the regular semisimple part 
(cf. [SS, Lemma 4.7]), (2.11.4) implies that 

(2.11.5) fr"M/* ~ IC(X m ,C»)[dimX m } 

for any fi G V n ^{jn)- 

On the other hand, by considering the restriction of the diagram (2.11.1) to the 
unipotent part, one gets the diagram 

(^^ljuni X l v *- T 2juni ^ 'T-m,,uiii ' r/m,uni ' *^m,uni- 

As in the above case, for /x = (fi^\ fi^) E V n ^{m) one can define a simple perverse 
sheaf B^ on £/ m)Un i by the condition that 



qlB^m 2 + (n - mf] ~ S ;(IC(<V>, QO^d)] B IC(<V>, Q,)^)])) [n 2 + 



/;/ 



where ca = dim (9^ for a partition A. Then it was proved by [AH, Proposition 4.6] 
that 

(2.11.6) K')*5 M - IC(0 M ,Q,)[dimCV]. 

By the Springer correspondence for GL n , the restriction of lC(Gi, C^i)) on (Gj) un i 
coincides with IC(O„(0, Q/), up to shifit, for i = 1,2. Thus by comparing (2.11.5) 
and (2.11.6), one sees that the restriction of lC(X m , C^) on Af m;Un i coincides with 
lC(0^,Qi), up to shift. This proves (ii), up to shift. Then (i) follows. The degree 
shift a in (ii) can be easily computed from (i). □ 
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Remark 2.12. By applying Theorem 4.5 in [AH] to the case -k\ : F\ — ¥ X mjXm i 
with A = ((m), (n — m)), one gets 

(7n)*Q4<J~ V^(8) ICiO^Qi) [dim 0„], 

where V^ is regarded as a multiplicity space ignoring the W^ m -action. By comparing 
this with (2.10.1), we obtain 

fJ>€Vn,2( m ) 

where dimpe> = dim V M . However, in order to show that po = V^, one needs some 
additional arguments. 

2.13. For (x, v ) G X m , put 

B( x , v) = {gB G G/B \ x~ x gx G B.g^v G M m }. 

Then 7r -1 (a;,u) ~ B {X)V) . Since H\ XjV) (ir*Qi) ^ H\B {x ^ v) , Q,), #*(#(.„,„), Q,) is 
equipped with the H^ m -module structure, called the Springer representation of W^. 
By taking the stalk in the formula in Theorem 2.11 (i), we have, for (x,v) G X muni , 

H\B {x , v) , Q,) ~ V^ ® K j-dim^, uni+ dimO, ^^^ ^ 

By Proposition 2.7, dim B( Xjt; ) = (dim Af mjUn i — dim(9 M )/2 for (x, i>) G (9 M . Put 
c? M = dim B( XjV ) . It follows from the above formula that 

H 2d »(B {x , v) , Q,) ~V„® H° {x , v) 1C(0„, Q,) ~ V„ 

since 'H? xv \ IC(C M , Qj) ~ Q;. Thus we have an analogue of the original Springer 
correspondence 

(2.13.1) The top cohomology H 2d »(B( XtV ), Q/) gives rise to an irreducible H^m-module 
V/j,, and the map (x, v) \-> V^ gives the bijective correpspondnece 



{e> M | n G Vn,2{m)} <+ (S m x 5,, 



n—ml ■ 



We consider the special case where /x = ((l m ), (l n ~ m )). Take (x,t>) G O^. We 
may assume that (x,v) G £7 x M m . Then (x — l)|M m — 0, (x — l)\y = and 
(x — 1)V = M m . It follows that B{x, v ) turns out to be a closed subvariety of G/B 
consisting of flags {(Vi C • • • C V n ^i C V)} such that V m = M m , which is isomorphic 
to B\ x B 2 , where Bi = Gi/Bi is the flag variety of Gi uner the notation in the proof 
of Theorem 2.11. Now H'(B( x ,v),Qi) is a graded H^-module, and H'(Bi,Qi) are 
graded S m , 5' n _ m -modules for % = 1,2. Then we have an isomorphism of graded 
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S m x SVj-m-modules, 

(2.13.2) H'(B {x , v) ,Qi) - H'(B 1} Q,) ® /T(£ 2 , Q,). 



3. Definition of character sheaves 

3.1. Let V be a vector space over k of the form V — V © © i=1 (Vi © V^), 
where dimVo = 2no and dimVi = rii for i > 1. We consider a subgroup G = 
Go x n^i^i x Gi) °f C-^(^)) where Gi = GL(Vi) for i > 0. Let 6* be an involutive 
automorphism on G, where preserves Go such that Gq ~ S^no an d that # acts 
as a permutation on the factor Gi x Gj for each %. Let B be a ^-stable Borel 
subgroup of G containing a ^-stable maximal torus T. We denote by U the unipotent 
radical of B. Let V = Vi be a subspace of V of the form V = © ie/ V*, where 
/ is a subset of [0,/c]. Then G acts naturally on V. Let H = G e . We have 

H ~ 5^2710 x rL=i G^"*- P ut ( ^"' 6, = {^7 £ C | 0(flO = g^ 1 }, which is isomorphic to 
G/H. Let X = G Ld x V ~ G/# x V, on which if acts diagonally. We call # an 
exotic symmetric space. We have 

k 

(3.1.1) * ~ (GL 2no /Sp 2no x \/ f ) x J^GI^ x V//), 

i=i 

where V^ = V* or {0} according to i G / or not. We say that /f is the pure exotic 
type if X ~ GL2n /Sp2n x Vo, and the enhanced type or the mirabolic type if 
X ~ GL ni x Vj. Note that the pure exotic type X was studied by Kato [Kal], 
[Ka2] in connection with the exotic nilpotent cone, and by [SS], [SS2], and the 
enhanced type X was studied by Achar and Henderson [AH], Finkelberg, Ginzburg 
and Travkin [FGT] in connection with the enhanced nilpotent cone and mirabolic 
character sheaves. 

3.2. The notion of character shevaves was generalized to the case of symmetric 
spaces by Ginzburg [Gi]. Grojnowski [Gr] studied the character sheaves on X = 
GL 2n /Sp2n in connection with the representation theory of the assoicaited Hecke 
algebra due to Bannai, Kawanaka and Song [BKS]. The character sheaves on the 
mirabolic type X was introduced by [FG], [FGT]. In [HT], Henderson and Trapa 
proposed to define (unipotent) character sheaves on the pure exotic type X. In what 
follows, we shall define character sheaves on X based on those ideas. Note that our 
description benefitted much from Henderson's unpublished note [H2]. 

Put B = G/BJ3 = G/U. Then T acts freely on B by (t, gU) H> gt^U, and the 
natural map q Q : B — > B is a principal T-bundle. We consider a diagram 

(3.2.1) (BxV)xB ^— (GxV)xB — ?-> (GxV)xB — ^ G x V, 

where p is the projection on the first two factors, q = id xg , and r is defined by 
r(x,v,gll) = (xgU,v,gU). Then p is proper, q is a principal T-bundle and r is 
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smooth with fibre isomorphic to U. Following [HT], we define an action of H x H 
on these varieties; for (hi, h 2 ) <E H x H, 

on G x V by (x, v) 1— >■ (h\xh 2 , hiv), 
on (G x V) x B by (x, v, gB) i-> (hixh^ 1 , hiv, h 2 gB), 
on (G x V) x B by (x, u, <?£/) i->- (hixh^ 1 , hiv, h 2 gU), 
on (BxV)xB by (#'[/, u, gU) h-» (/ii#'£/, M, h 2 #£/). 

Then the maps p, q, r are H x if-equivariant. 

Let £ be a tame local system on T. We define an action of T on B x V so that T 
acts trivially on V (and acts on B as before). Thus TxT acts on (BxV)x B, and we 
consider the category T> mc -i(B x V x B). We define a functor Ch : T> mc -i(B x V x 

B) ->■ P(G x V) by Ch(K) = pi^r^dimC/ - dimT] for K e V mc -i(BxV x B). 
Since the diagram (3.2.1) is compatible with the action of H x H, Ch lifts uniquely 
to a functor 

(3.2.2) Ch : V H L *f_ x (B x V x B) ->■ V HxH (G x V). 

Let O : G xV ^f G id x V = X be a map defined by (x,v) h-» (x^(x) _1 ,w). 
Then is smooth with connected fibre, where the fibre is isomorphic to H . Thus 
= 0*[dim#] gives rise to a fully faithful functor M H {X) ->■ M HxH (G x \/). 
For a tame local system £ on T, we define Afc as the set of isomorphism classes of 
if-equivariant simple perverse sheaves A such that OA is isomorphic to a perverse 
constituent of Ch K for some K e T^r^c- 1 (^ x ^ x ^)- We define a set A" as a union 
UrAc; where £ runs over a tame local system on T. An iJ-equivariant simple 
perverse sheaf on G id x V is called a character sheaf if A e A\ 

3.3. Assume that £ is a tame local system on T such that £® m ~ Q^. Then 
£ is T-equivariant with respect to the action of T on itself by to : t 1— > t™t. Let 
Z(G) = Z°(G) be the center of G. We define an action of Z(G) on (B x V) x B 
by z : (giU,v,g2U) h-> (z m g\U , v , g 2 U) . We also define an action of Z(G) on G by 
z : g ^t z m g, and define actions on (G x V) x £>, etc. so that Z(G) acts trivially on 
factors different from G. Then all the maps in (3.2.1) are Z(G)-equivariant, which 
commute with the action of H x H . Since Z(G) is a subtorus of T, £ is Z(G)- 
equivariant. Hence any object in T^^-xifi xV x B) is Z(G) x (H x H )-equivariant, 
and we have a refinement of (3.2.2), 

(3.3.1) Ch : V^L^B xVxB)^ T>Z(G)xHxH( G x yy 

We define an action of Z{G) id x H on X by (z,g) : (x,v) 1— >■ (z m gxg~ 1 ,gv). 
(Note that Z(G) te is a subtorus of Z(G)). Then is Z{G) id x if-equivariant, and 
we have the following. 

(3.3.2) Any character sheaf A e A^ is Z[G) i6 x i7-equivariant. 

3.4. Assume that G = T is a torus such that T ~ To x To and 9 is the 
permutation of two factors. Thus T is a maximal torus of GL(V), where V ~ V © V 
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for a To-stable subspace V. We consider the variety X = X T y = T i0 x V with 
diagonal T^-action. Let S be a tame local system on T te , and put C = 0^S, where 
0t '■ T — > T' e , t i—)- td{t)~ l . Then £ is a tame local system on T. For each T -stable 
subspace V\ of V, let £Vi be the constructible sheaf on X which is the extension 
by zero of the local system S E3 Q^ on Xxy x = T id x V\. By definition of character 
sheaves in 3.2, thanks to (0.4.1), one can check that 

(3.4.1) X c = {S Vl [dim X T:Vl ] | G* T £ ~ £, V± C V : Testable}. 

If we replace X by X' = T id x V', where V is a Testable subspace of V, Af' also 
fits to the definition of (3.1.1), and the set of character sheaves X' c is given by all 
those £Vi[dim A/^yJ such that V\ C V. The variety X in (3.1.1) for the case G = T 
coincides with one of those X'. 

For X = Xt,v, we define a subset X° of X by 

(3.4.2) X° = {AeX \ supp A = T e x {0}}. 



4. Induction 

4.1. The induction functors and restrictions functors for character sheaves 
in the case of symmetric spaces are introduced by Grojnowsky [Gr, Section 2]. 
Henderson reformulated the induction functors in [HI], [H2]. In this section, we 
generalise the induction functors to our setting following the description in [H2]. 

Let P = LUp be a ^-stable parabolic subgroup of G containing B, where L 
is a ^-stable Levi subgroup of P containing T and Up is the unipotent radical of 
P. Then L is a group of the same type as G given in 3.1. Let Vl be an L-stable 
subspace of V such that X^ = L id x V L gives rise to a similar variety as X . We 
assume that there exists a projection V — ¥ Vl compatible with L-action. 

4.2. Put 

X p = {(x,v,gP e ) G X x H/P e \ g~ x xg G P ld }. 

We consider a diagram 

(4.2.1) x L ^— H x P' e x V — 2-> X p ^^ X, 

where r is the map (g,p,v) \-¥ (p,v) (p *— > p is the natural projection P id — > L L0 , 
and v t-> v is the projection F — » V 7 ^), u is the map (g,p,v) h- )■ (gpg~ 1 ,gv,gP e ), 
and p is the projection to the first and second factors. Note that Af p is canonically 
isomorphic to H x p (P Ld x^)~ (if x p P id ) x V, and a gives rise to a principal 
P -bundle. Now 

H x L e acts on # L by (h,£) : (x,u) H> (Ixlr 1 ,^), 

H x P e acts on H x P ld x V by (/i,p) : (g,x,v) i— >■ (hgp~ l , pxp~ x , pi>) , 
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H acts on X p by h : (x, v, gP e ) i— y {hxh~ l , hv, hgP e ). 

Then r is if x P^-equivariant (under the projection P e — > L e ), and <r, p are H- 
equivariant. 

We define a functior Ind = Ind£ p : V L \x L ) -»■ £> ff (;t) by 



(4.2.2) 
with 

(4.2.3) 



Ind if = p,a b T*fqa] (if eD 1 '^)), 



a = o(Ai) 



dim i7 P if L ^ T, 

dim U + dim V/Vr - n(V T ) ii L = T. 



Here n(Vr) = n — dimVy if G contains a factor G and Ag 
^To = ^t D Vq) and ra(Vr) = otherwise. Also note that 



G L ° x Vq with 



dim(fibre of r) — dim(fibre of a) = dim H + dim C/p + dim V/Vl — dim P 

= dim Up + dim V/Vl. 

We also define a functor Ind* K = p\o~\,T*K by removing the degree shift. 

Let P C Q be two ^-stable parabolic subgroups of G containing B, with ^-stable 
Levi subgroups L G M containing T. Then Pm = P fl M is a ^-stable parabolic 
subgroup of M with Levi subgroup L. We consider the varieties Xl = L i6 x Vj,, 
A'jvj = ilP e x Vm as in the case of Af, where Vm is an M-stable subspace of V, 
and Vl is an L-stable subspace of Vm as in 4.1. Then one can define functors 
Ind^ PM : P L '(^) -)■ P m9 (^ m ), and Ind£ MiQ : £> m9 (* m ) -* £>"(#). Here ^ is 

an L-stable subspace of F as in 4.1, and so Ind^ L P : V L (Xl) — >• T> H (X) can be 
defined. Then the following transitivity of induction holds. The proof is similar to 
the proof of the transitivity of induction for character sheaves [L3, Proposition 4.2], 
and we omit it. 

Proposition 4.3. Under the notation above, there is an isomorphsim of functors 



Ind *;Lp - 



Ind* 



x 

Xm,Q 



o Ind 



•x M 

Xl,Pm- 



In particular, the above transitivity holds (resp. holds up to shift) for \nd x P if 
L j^ T (resp. L = T.) 



4.4. We consider a diagram 



LxV L ^— — H x PxV xH — 2— >. Z 



(4.4.1) 



e, 



Xr 4r 



01 

H x P Ld xV 



p _^ Gx V 

02 (> 



-> X 



p p 



■>■ X, 
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where P e x P e acts on HxPxVxH by 

(PUP2) ■ (gi,x,v,g 2 ) H> (g 1 pi 1 ,p 1 xp 2 1 ,p 1 v,p 2 g 2 ), 

and Z p = H x pe (P x V) x p " H is the quotient of H x P x V x H by P e x P e . 
Here the maps are defined by 

t' : (gi,x, v, g 2 ) i—)- (x,v), where x is the image of x under P — >■ L, 
o"' : the quotient map by P e x P e , 
(J :gi* (x, v)*g 2 ^ (gixg 2 , giv), 
6>i : (g u x,v,g 2 ) ^ (^a^x) -1 , u), 
2 : gi* (x, v) * g 2 1->- pi * (x0(x) _1 , u), 

where we denote by g * (x, i>) G X p the image of (g, x,v) £ H x P id x V by the 
quotient by P , and we use a similar notation also for the quotient by P e x P e . 
Now H x H acts on ifxPxVxif by (hi, h 2 ) : (gi, x, v, g 2 ) i— >• (/ii^i, x, i>, g 2 h 2 r ), 
and this action commutes with the action of P e x P e . The action of H x H on Z p is 
defined similalry. Then a', p' are i7 x P-equivariant, and r' is (if x H) x (P e x P e )- 
equivariant, where L e x L e acts on L x Vl as in the case of G, and H x H acts 
trivially on L x Vl- Then 0l,O\,0 2 ,O are compatible with those actions on the 
upper row and the previous actions on the lower row. 

Since a' is a principal (P e x P e )-bundle, one can define in a similar way as the 

functor Ind, a functor Ind = Ind^p : V L<>xL \L x V l ) ->• V HxH (G x V) by 

(4.4.2) mdK = P ;^(r')*^[a] (if 6 V l<>xL \l x V l )), 

where 



a' 



2(dim if - dim P ) + dim U P if L ^ T, 

2(dim P - dim P e ) + dim U P + dim V/ Vr - n(V T ) if L = T. 



Here we have 

dim(fibre of r') — dim(fibre of <t') 

= 2(dim if - dim P e ) + dim U P + dim V/Vb. 

One can check that the rightmost square in the diagram (4.4.1) is a cartesian 
square. Since a, a' are both principal bundles, and 0\, 2 are smooth with connected 
fibre, we have an isomorphism of functors 

(4.4.3) Ind o L ~ § o Ind . 

4.5. Put Bl = B r\L,UL = U C\L. Then Bl is a ^-stable Borel subgropu of L, 
and C/x, is the unipotent radical of Bl such that Bl = TUl- Put Bl = L/ Bl and 
Bl = L/Ul- The action of L on £>l can be lift to the action of P by the projection 
P — > P/U P ~ L. Hence we have actions of P e on Bl and on Bl x V. We consider 
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-> (BxV)xB, 



a diagram 

(45.1) 

(B L x V L ) x £ L <-^- (HxB L xV)x(Hx B L ) -^ C L - 
where C L = (H x p ° (B L x V)) x (H x pe B L ) with the action of P e x P\ 

{V\-V2) ■ ((giJiU L ,v),(g 2 ,£ 2 U L )) H> ((giPi 1 ,Pi(iU L ,p 1 v),(g 2 P2 1 ,P2i2U L )) 

and a" is the quotient map by P e x P e , r" is the projection on the factors except 
H x H, p" is defined by 

(gi * (kU L , v),g 2 * kU L ) ^ (gitiU, gxv, g 2 £ 2 U). 

Then a" is a (P e x P e ) -principal bundle, r" is (H x H) x (P e x P 9 )-equivariant, and 
a", p" are H x 77-equivariant with respect to the ovbious actios of if x L e and of 
H x H . Moreover, all the maps in the diagram are (T x T)- equivariant with respect 
to the actions induced from the action of T on Bl and B. Thus as in the previous 
cases, one can define a functor 7 : T> C ^£_^(JS L xVx B L ) -¥ l^cmc- 1 ^ x V x B) by 

(4.5.2) I(K) = p^l\r")*K[a"], (K e V^{B L xV L x B L )), 

where a" = a' — dimUp. Note that in this case, dim(fibre of r") — dim(fibre of a") = 
2(dim/7 - dimP e ) + dimV/V L . 

The functor I was introduced in [H2] in the case of symmetric spaces. The 
following result is an analogue of Propostion 3.2 in [H2]. 



^xL , 



Lemma 4.6. Let Ch L : V L L *£_ X (B L x V l x B l ) ->■ V LxL (L x V L ) be the functor 
defined similar to Ch. Then we have an isomorphsim of functors 

Ch o/ ~ md o Ch L . 

Proof. The degree shift for the functor Ch is given by b = dim U — dim T, and that 
for Cli£ is given by b^ = dim Ul — dimT. Since a" + b = a' + bi, we may ignore the 
degree shift for proving the formula. We have the following commutative diagram 



(B L x V L ) x B l <- 



''L 



(LxV L )x£ L <- 



9l 



(LxVl)xS l <- 



n 



PL 



(L x VL) <-^- 



(H x B L x V) x (H x B L ) 

n 
(HxPxV)x(Hx B L ) 

(HxPxV)x(Hx B L ) 
pi 

(H xPxV)xH 



-*• C, 



''2 



-> cf 



CI 



</2 



**£ 



P2 



-> (B x V) x £ 



P2 



Pi 



> (Gxl/)xB 

9 

* (G x V) x B 
p 

GxV. 
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Here P e x P e acts on (H x P x V) x (H x £? L ) by 

(Pi,P2) : ((#i,x,v),(#2,^l)) >-> ({giPi 1 ,P\xp 2 l ,Piv),(p 2 g 2 ,p 2 (iU L )), 

and C^Hx^(PxV) x p9 (if x B L ) is the quotient of (H x P xV) x (H x B L ) by 
P 61 x P e , and Zf = H x p (P xV) x p (H x Bl) is defined similarly. The first row 
is the diagram (4.5.1), the fourth row is the upper row of the diagram (4.4.1). The 
fourth column is the diagram (3.2.1), and the first column is the diagram (3.2.1) 
defined by replacing G by L. The map r\ is defined by 

n : ((gi,x,v),(g 2 ,eU L )) H> ((g l ,xeU L ,v),(g^ 1 ,£U L )). 

T\ is (P e x P )-equivariant with respect to the above action on (H xPxV)x (H x Bl) 
and the action on (H x Bl x V) x (H x Bl) defined in 4.4. Hence it induces the 
map r 2 '■ C p — > Cl- The maps o~i,a 2 are the quotient maps by P e x P e . The map 
p 2 is defined by 

p2 ■ gi * (x,v) * (g 2 JU L ) !-»■ (gixg 2 ,giv,g 2 ~ 1 lU), 

and p\ is defined similarly. The maps qi,q 2 are principal T-bundles, and the maps 
Pi,p 2 are obvious projections. One can check that the bottom left, bottom center, 
center right, and top right squares are cartesian squares. Then the proposition 
follows from the standard diagram chase. □ 

Proposition 4.7. For any A G {Xl)cj IndA is a semisimple complex such that 
each direct summand is contained in X^ up to shift. 

Proof. Take A e (X L ) C . By (4.4.3), G olndA ~ Lad o G L (A). By definition, G L (A) 
is a perverse constituent of CIil(K) for some K E ^cmc^ 1 ^ 1 - x ^ L x & L )- ^ f° nows 
by (0.4.1) that if A\ is a perverse constituent of Ind o Gl(A) then A\ is a perverse 
constituent of Ind o C\il{K). By Lemma 4.6, we have Ind o C\il{K) ~ ChoI(K). 
Hence A x is a perverse constituent of Ch(Ki) with K x = I(K) e V^^^Bx V x B). 
On the other hand, since the map p in the diagram (4.2.1) is proper, Ind A is a 
semisimple complex by the decomposition theorem. Hence G o Ind A is a semisimple 
complex whose simple objects are of the form A\ = QA' for a simple perverse sheaf 
A' contained in Ind A up to shift. Then the above argument shows that A' G Xc- 
This proves the proposition. □ 

4.8. We consider the case where L = T. We follow the notation in 3.4. We de- 
note by X ps the set of character sheaves in X appearing in the perverse constituents 
of Ind^. B A for various A G Xt,v > and call them principal series character sheaves. 
Clearly, the determination of X ps is reduced to the case where X is the pure exotic 
type or the enhanced type. We shall describe X ps in each case. 

First assume that X = G lB x V is the pure exotic type with dim V = In. (We 
also consider the case where X = G te , in which case we use the notation Gc, (G^ ) ps , 
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etc.) We consider Xt = Xt,v t — T id x Vr, where dim Vr <n and Vt is a quotient of 
V by an T-stable subspace of V. Here we may assume that Vt = V/M m > for m! > n. 
Consider the diagram (4.2.1) for the case P = B, 

X T ^— H x B ue xV —?-> X B — £-> X 

A character sheaf A on X? is given by A = £y 1 [dim A^yJ for a T^-stable subspace 
V\ of Vt by 3.4. By conjugation by an element in iV#(T t6 '), we may assume that 
V\ = M m /M m i for some n < m! < m < In. Let X m be as in 1.1. Then X m is a 
closed subvariety of X B . We see that the support of a^r* A is contained in X m , and 
o^t* A coincides with (a^)*£[dira A/r,vi] under the notation in 1.1. In this case, 
a = dim U e + dim £7 te + n = dim A" m — m. Since dim A" m = dim X + (m — n) , we have 

dim Aj^ + a = dim Af + (m — m'). 

Hence we see that Ind^. B A ~ i^ mi T,£-[«i — m'] under the notation in Theorem 1.11. 

Note that m = m' if A e Ay. By Theorem 1.11, K m T,s is a semisimple complex 
contained in D(A')- , and the decomposititon to simple components are given there. 
In particular, by comparing Theorem 1.11 with Theorem 4.2 in [SS], we see that 
any simple component appearing in K my T,e, up to shift, is already contained in 
K T ,e = K n<T ,e- K follows that 

(4.8.1) Assume that X is the pure exotic type. Then for any A E Xt, lnd x B A 

is a semisimple complex in T>(X). If A E X T , then Ind^ B A E T>(X)-°. Moreover 

X^ s coincides with the union of simple components of Kt,e for various S such that 
T £ = C, namely 

XI s = {lC(X m , C p )[dim X m ] | p E W^ £ , 0<m<n,O T £~jC} 

under the notation in Theorem 1.5. Moreover the set {G L ^) ps coincides with the 
subset of X-£ consisting of those lC(X m , £ p )[dim X m ] such that m = 0. 

Next assume that X is the enhanced type, namely, X = G x V with dim V = n. 
(We also consider the case where X = G, in which case, we use the notation Gc, G^, 
etc. ) Let Xt = T x Vr with Vr = V/M m >. We consider the character sheaf A = 
fVJdini <^t,Vi] o n %t- As in the previous case, we may assume that V\ = M m jM m i 
with < m' < m < n. Let X m be the variety defined in 2.6. Then X m is a closed 
subvariety of X B . Since dim X m = X m by 2.6, we have 

dim Xt^ + a = dim X m = dim X m . 

Let K m ^T,e be the complex on X m defined in 2.8. By a similar argument as before, 
we see that Ind^ A ~ K rn T,£- Now by Theorem 2.9, K m ^ y e is a semisimple perverse 
sheaf, and its simple components are completely described there. Thus we have 
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(4.8.2) Assume that X is the enhanced type. Then for any A E Xt, Ind^ B A is a 
semisimple perverse sheaf on X. Under the notation of Theorem 2.9, we have 

X p c s = {\C(X m , L p )[dim X m ] | p e W^ £ , 0<m<n,O* T £~ £}. 

Moreover, (as is well-known) the set G p £ is given as the subset of X^ s consisting of 
those lC(X m , £ p )[dim X m ] with m = 0. 

It follows from the above discussion, we have the following general result. 

(4.8.3) Let X be as in 3.1. Then for any A e X%, we have Ind* TB A e V(X)^°. 

Remark 4.9 In the pure exotic case, the set of character sheaves X was defined in 
[SS, 4.1], [SS2, 6.4]. In fact, the set X given there is nothing but X ps in the present 
notation. Later in Section 6, we prove that those two definitions coincide with each 
other, namely, we show that X = X ps . 



5. Restriction 

5.1. In this section we shall construct the restriction functors, and show the 
main properties based on the idea of [Gr, Section 2]. We follow the notation in 
Section 4. Let j : P ld x V °->- X be the inclusion map, and n P : P w x V — > X L be 
the projection (p, v) h- > (p,v). Then j and Tip are L e -equivariant with respect to the 
obvious actions of L e . We define a restriction functor Res = Res^ P : T> H (X) — > 
^(^)by 

(5.1.1) Res K =(fr P )a*K(c) (KeV H (X)), 

where c = dim Up + dim V/V^, and K(c) is the Tate twist of K. 

5.2. We consider a commutative diagram 



LxV L ^— PxV — i— >■ GxV 



(5.2.1) 



9l 



Gr 



X L 4^- P^ e x V -^ X, 



where j' is the inclusion map, n' P is the projection (p,v) >->■ (p,v), and Op is the 
map (p,v) i— > (p6(p)~ l ,v). H x H acts on G x V, and L e x L e acts on I x 14 as 
in 3.2. L e x L 61 also acts on P x V by the restriction from GxV. Then j', 7i~p are 

L e x L e -equivariant. We define Res = Restxv^p ■ V HxH (G x V) ->■ V l ° xL \L x V l ) 
by ResK = (7rp)i(j / )*i ; f(c). As in the case of induction functors, we have 

Lemma 5.3. There is an isomorphism of functors 

0l ° Res ~ Res o 0. 



2;; 
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Proof. Since the square in the left hand side of (5.2.1) is not a cartesian square, we 
need a special care. Let Z be the fibre product of L x Vl and P id x V over Xl, and 
a : P x V — > Z be the natural projection. We have /3 o a = ir' P and 700; = Op. 



LxV L i 
Xl 



PxV 



<-^- P id x V 



Since the projection P id — > L id is a vector bundle with fibre Up 9 , a turns out to be a 
vector bundle with fibre isomorphic to Up. Hence a\a* ~ id[— 2d] with d = dimUp, 
and so a\0 P ~ aia*7* ~ 7* [-2d]. It follows that 



(7rp),6>p ~ faa\G* P ~ A7*[-2rf] ^ 6>2(7rp),[-2rf]. 
The lemma follows from this. 



□ 



5.4. For K G 2}/w-i($ x F x S), we want to investigaite the perverse 
constituents of Res o Ch(fT). Consider a commutative diagram 

(BxV)xB ^— (GxV)xB — *->■ (GxV)xB ^-^ GxV 
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(PxV)xB -2-> (PxV)xB — ^ PxV 



LxV L , 



where jo,ji are inclusions, and put r$ = r o ji,po = ir' P op'. Since both squares are 
cartesian squares, we see that 



(5.4.1) 



Res o Ch(K) ~ ipo)\(q )],r^K(c), (up to shift). 



Let W = N G (T)/T be the Weyl group of G, and W P the Weyl subgroup of W 
corresponidng to P. We consider the partition B = Y[ w ew P \w ^wi & = II 
into P-orbts, where B^ = PwB/B, B^ = PwU/U. We consider a diagram 



wew P \w u w 



(BxV)xB ^— (PxV)x B p w -2Z-> (PxV)x B? -^ L x V L , 

where r w ,q w , p w are the maps induced from r , qo,Po by the inclusions B^, ■— > B, B^ ^ 
B. By considering the perverse cohomology long exact sequence, we see that 
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(5.4.2) The perverse constituents of {po)\{ a o)b r oK are contained in the perverse 
constituents of (p w )i(qw)\>rZ,K for some w G Wp\W. 

We show the following lemma. 

Lemma 5.5. For K G V ' c ^ c -i(B x V x B), the perverse constituents ofKesoCh(K) 
are contained in the perverse constituents ofCh.L{K\) for some K\ G ^ > w*mw*c- 1 (^ LX 
V L x B L ) with w G W P \W. 

Proof. Let B' L = wBw' 1 PlLbea Borel subgroup of L, and U' L = wUw -1 fl L be 
its unipotent radical, for a fixed w G W P \W. Put B' L = L/B' L and B' L = L/U' L . We 
consider a commutative diagram 

(P x V) x B p w 

h 



(5.5.1) 



> m!;.xv)xB 



-)• (i? x 1/) x S 



(L x V L ) x ^ -^-> (B' L x Vb) x 61, 



where 



A 

I'll! 
An 



(pi,v,p 2 wU) h-> (p 1 p2wU,v,p 2 wU), 
the inclusion map, 
(p 1 wU,v,p 2 wU) H> (^U^v^U'l), 
the fibre product of (L x Vl) x B^ and B p x V x B p 
over (^ x Vi) x ^. 



Let / 2 : (P x y) x S^- — >■ (L x V&) x £>^ be the map (p 1 ,v,p 2 wU) !->■ (p 1 ,v,p 2 U' L ). 
Then 5„, o / x = r L o / 2 , and so we have a map / : (P x V) x B p — > Z w such that 
/i = a o /, / 2 = j3 o /. We note that / is a vector bundle with fibre isomorphic to 

Up n wUw- 1 . 

One can check that the following diagram commutes. 



(5.5.2) 



LxV L < 

id 

LxFi 4 



P.r 



pl 



(P x V) x B p w + 
(L x \/ L ) x B^ * 



'/!<■ 



9l 



(P x V) x B p w 

h 
(L x V L ) x B' L , 



where j3' : (pi,v,p2ivB) i— )■ (p 1 ,v,p 2 B' L ). Moreover, the right square is a cartesian 
square. Note that the maps pi, qi and r^ are independent of the choice of B' L , U' L 
under the isomporphism B' L ~ Bl,B' l ~ #£. 



30 SHOJI AND SORLIN 

Take K G V^^B xVxB). Since r w = i w o f u we have r* w K ~ f*a*i* w K by 

(5.5.1). By (5.5.2), we have 

{p w )\{q w )\>r* w K ~ {pL)\{qL)\>{h)\r* w K 

Since / is a vector bundle of rank d = dim([/p fl wUw -1 ), we have 

faf\f*a*i* w K - P\a*i* w K[-2d] 

^ r* L (8 w )d* w K[-2d]. 

It follows that 

(5.5.3) MiO^r;*- ~ (p L Uq L \r* L ((5 w )n* w K[-2d]) 

= Ch L ((S w )d* w K[-2d]). 

Note that (5 w )d* w is a functor from V HxH (B x V x B) to V L<>xL6 {B L xV l x B l ) 
since i w ,5 w are L 61 x L e equivariant. Moreover, T xT acts, for (£1,^2) £T xT, 

on (BxV)x Bby ( 9l U,v,g 2 U) ^ (g 1 t- 1 U,v,g 2 t 2 1 U), 

on (£>^ x V) x B^ by (piwU,v,p2iuU) 1— )■ (piiv^i^wU, v,p2w(t~ 1 )wU), 

on ^ x Vl x £% by (IJJ^v&Ul) ^ (^(^M,^^ 1 )^), 



and i w ,S w are T x T-equivqariant with respect to those actions. This shows that 
{S w )d* w : V^^iBxV xB)^ V^I^^Bl xV l x B l ). Now the lemma follows 
from (5.4.1), (5.4.2) and (5.5.3). □ 



Proposition 5.6. For any A G X c , the perverse constituents of Res A are contained 

m UweW P \w( X L)w*£- 

Proof. Take A G Xc and let A 1 be a perverse constituent of Res A. Then by Lemma 
5.3, Qj_,A' is a perverse constituent of Res(<9A), hence a perverse constituent of 
Res(ChiT) for K G V^_ X {B x V x B) by (0.4.1). Thus the proposition follows 
from Lemma 5.5. □ 



6. Classification of character sheaves 

6.1. Following the idea in [L3, I, 3.10], we introduce the notion of cuspidal 
character sheaves on X . 

We consider the variety X^ = L lQ x Vl associated to a ^-stable parabolic sub- 
group P and its ^-stable Levi subgroup L as before. In the pure exotic case, we con- 
sider the following special type of Xl~, LP ~ Sp 2n ' x (GL 1 ) n ~ n , and dim Vj, = n + n'. 
We denote by S(X) the set of such X L for various n'. We define an integer cx L as 
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follows; 

if A^ is the pure exotic type and Xl G S(X) 

■ dim V + dim 14 if X is the enhanced type . 

Assume that X is the pure exotic type. A character sheaf A G X is said to be 
cuspidal if for any Xl G S{X) we have Res A{—cx L — 1] G T>X^ , or equivalently, 
dimsupp W(ResA[—cx L ]) < —i for all i, where Res = Res^- P . In the enhaned 
case, cuspidal character sheaves are defined similarly, but in this case no restriction 
on Xl- In the case whereAf is the symmetric space G id or the group G, th cuspidal 
character sheaves are defined in a similar way as above, just by ignoring the vector 
space part. In general, X is a direct product of Xi, where Xi is the pure eotic type 
(including the symmetric case) or the enhanced type (including the group case) as 
in (3.1.1). A character sheaf A G X is given by A = A M ■ ■ ■ M A k with A t G X { . A 
is called cuspidal if Ai G Xi is cuspidal for each i. 

6.2. Let x = x s x u be the Jordan decomposition of x G G iB , where x s is 
semisimple and x u is unipotent. Then x s ,x u G G L °, and L = Zg(x s ) is a 6- 
stable Levi subgroup of a (not necessarily ^-stable) parabolic subgroup of G. Hence 
x s G Z(L y e and x u G (L )^d- We define Z{L ) TCg = {x G Z(L ) | Z G (x) = L }. 
Let L be the smallest ^-stable Levi subgroup of a ^-stable parabolic subgroup P of G 
containing Lq. We choose an L-stable subspace Vl of V as in 4.1 so that V = Vl®V[, 
where V[ is a P-stable subspace of V, and that Vl is maximal among the possible 
choices. (For example, in the pure exotic case, L ~ Yli GL 2rH so that Lq = Yl t Sp2 ni - 
Then L = GL2 n > x (GLi) 2n ~ 2n , where n' is the sum of n» such that n« > 1, since 
GL 2 e is a torus. We choose Vl,V[ so that dim Vl = n + n', dim V' L — n — n' . In the 
enhanced case, L = L , and one can choose Vl = V,V[ = {0}.) Let Z 1 = Z(L )' e x (9 
for an Lp-orbit O in (L )^ ni x Vl- (Note that Vl can be regarded as Vl , and so 
^ = (Lq) 1 ' 6 x Vip is a similar variety as X .) For such a pair (L, E), we define 
Z rcg = Z(L )f eg x C, and y (L>r) = [j geH g(E rcg ). We claim that 

(6.2.1) X = \J, L E s Y(l,e), where (L, E) runs over all such pairs up to if-conjugacy, 
gives a partiton of X into finitely many locally closed smooth irreducible varieties 
stable by H. 

In fact, since Yil,e) — H x L o E rcg , Y(l,e) is smooth, irreducible and locally closed. 
It is clear from the definition that Yil,e) are mutually disjoint. So we have only to 
show that \J, L E s Y( L) e) = X . For this it is enough to consider the pure exotic case, 
i.e, where G = CL-m-, H = Sp2 n and X = G id x V . Take (x,v) G X. By (a variant 
of ) [SS, Lemma 2.1], we may assume that x u G U,v G M' n , and x s G T, by replacing 
(x,v) by its iJ-conjugate, where M' n is the maximal isotropic subspace of V stable 
by T such that V = M n © M' n . Put L = Z G (x s ). Then (x u ,v) G {L )^ ni x V L since 
v G M' n C V L by our choice of 14 . This shows that (x,t>) G U rcg = Z(L )f eg x C 
for an L^-orbit O in (I/o)uni x Vt containing (a; u ,f), and the claim follows. The 
following proposition is an analogue of [L3, I, Proposition 3.12]. 

Proposition 6.3. Let A £ X be cuspidal. 
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(i) If X is the pure exotic type, then A = IC(U , £)[dimU] with U C Y(q,e)- The 

same is true for the symmetric space case. 
(ii) If X is the enhanced type, then A = IC(E , S)[dim.E ], where E = Z(G) W x 

O and £ ~ £ Kl Q/. The same is true for the group case. 

Proof. Let U be a locally closed smooth irreducible subvariety of X such that A ~ 
IC(U, £ )[dimW]. Since A is Z(G) ie x if-equivariant by (3.3.2), we may assume that 
U is Z[G) x if-stable and £ is Z(G) t6) x i/-equivariant. Since U is irreducible, by 
(6.2.1), there exists a unique piece Y(l,e) such that U fl ^(l.i;) is open dense in W. 
Since V(l,i7) is Z[G) t6 x //-stable (note that Z(L )f eg is stable by Z(G) '"-action), we 
may assume that U C Y(l,e)- 

Here we consider Res : V H (X) — > V L (X L ). Let E TCg = {J eeL e £(U Teg ). Take 
z = (x, v ) G U fl Z'rcg C Ai. Let 7Tp : P t61 X V — >■ A^ be the map given in 5.1. Then 
ir p l (z) = (xllp n P id ) x (v + VI). Now C/|, acts on the first factor xU P C\ P iB by 
conjugation. We note that 

(6.3.1) Up acts transitively on xUp fl P ib '. 

Clearly we may check this in the case where X is the pure exotic type or the 
ehnhanced type. The enhanced case can be treated by an entirely similar argument 
as in [L3, I. Proposiiton 3.12]. So we assume that X is the pure exotic type. Put 
U x = xUp fl P ib . The orbit U P ■ x of x is closed in U x since it is an action of a 
unipotent group on an affine variety. We have Z v e (x) C Zq{x) fl U P C L' D U P , 

where L' is a certain conjugate of Lq by an element in L e . By using the explicit 
description of P in 6.2, we see, under the notation of 6.2, that dim L' fl Up = n — n'. 
Hence we have dim Z v e [x] < n — n', and so dim U P ■ x > dim U P — (n — n'). On the 

other hand, one can check that U x ~ Up. Since dim Up = dimC/p — (n — n'), we 
conclude that U x = U P ■ x. Thus (6.3.1) holds. 
Next we note that 

(6.3.2) iip 1 ^) fl U is contained in an if-orbit of 2. Moreover, we have 

i. . , ,. f dim Up — dim V7 (exotic case), 

d lmfe 'Wn«HJ d . m ^ ; enhmcedc ; e) . 

In fact, for the first claim it is enough to show by (6.3.1), that (x, gv + V[) C\U C 
H • z for g G Up since V' L is L^p-stable. Assume that X is the pure exotic type. We 
write gv + V' L — v' + V[ with v' G Vl- If (x, v' + v") G U with f " G V^, there exists 
I G Zh(x) C Lq such that £f = v ' + v" . But since I stabilizes Vl, V[, we must have 
f " = and £v = v'. This means that (x, gv + V[) r\U G H ■ z as asserted. By this 
computation, we see that (gx, v + V[) nil = {(gx,v')}, where v' G Vl is uniquely 
determined from g. It follows that dim(7Tp 1 (2;) fl U) — dimC/|> • x. Hence the second 
assertion follows from the computation in the proof of (6.3.1). (Note that in the 
pure exotic case, n — n' = dim V[.) Hence (6.3.2) holds. 

Since £ is an if-equivariant local system, the rstriction of £ on H-z is a non-zero 
constant sheaf (note that the isotropy group of z in H is trivial.) This implies that 
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H%*- d (iTp 1 (z) nU,A) ~ H^iTTp^z) r\U,£) ^ 0, where a = dim^ 1 ^) n W) and 
d = dimU. It follows that W 2 z a ~ d {{ixp) [ j*A) ^ and we have 

u n 5 rcg c supp n 2a ~ d ((7T P )u*A). 

The map H x (U (1 U TCg ) — ¥ U defined by (g, £) t— y gC,g~ x is surjective, and its fibres 
are Gi-orbits under the action of G\ = {gi G Nh(L w ) \ giZVcg^f 1 = S TCg } on 
H x (U n r rcg ) defined by g x : (g,£) ^ (gg^ 1 , g^g^ 1 ). Thus 

dim H + dim(W fl S rcg ) = d + dim G\ . 

One can check that dim G\ > dim L e + 2 dim V£. (In fact, if ,Y = G t61 x V is of pure 
exotic type with dim V = 2n, and IcPas above, then Zp(L ie ) D SX 2 x • • • x SX 2 
((n — n')-factors). Here G\ contains L e and Zp[L i6 \ If Af is of enhanced type, this 
also holds since V[ = 0.) Hence we have 

dim(W n £ reg ) > d - 2 dim £/£ + 2 dim V L = d - 2a. 

It follows that 

(6.3.3) dim supp ft 2a - d ((7Tp)if A) >d-2a. 

Now suppose that L ^ G. Since A is cuspidal , we have 

dim supp H 2a ~ d {{-Kp)\fA) <-{2a-d). 

This contradicts (6.3.3). Thus we must have L = P = G, and so V(L,i7) — ^?G,£) = 
i7 reg . In the enhanced case, ^(g,!;) = ^reg = S = Z[G) l6 x is a single Z(G) ie x H- 
orbit in Af, where O is an if-orbit in X un [. Hence U = E. Since the isotropy 
group of the if-orbit in X nn [ is trivial, the Z[G) te x iJ-equivariant local system £ 
can be written as £ ~ £o ^ Q«- The above discussion can be applied also to the 
symmetric case or to the (original) group case, by ignoring the vector space part. 
The proposition is proved. □ 

We prepare a lemma. 

Lemma 6.4. (i) Assume that X = G i6 x V is the pure exotic type with G = 

GL 2n . Let O be an H-orbit in X containing (x,v) with x = x s x u . Assume 
that x s G T i9 ,v G M n . Then under the notation in Section 1, we have 

dim(£> n {{x s Uy e x M n )) = ^dimC, 

where (x s Uy e means x s U fl G i6 . A similar formula also holds for the sym- 
metric space case, by ignoring M n part. 
(ii) Assume that X = G xV is the enhanced type with G = GL n . Let O = O^ be 
a G-orbit in X mun i such that fi G V n ^{m). Under the notation in Section 2, 
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we have 

dim(0n (U x M m )) = -(dimC + ra). 

Proof. First we show (i). We consider a variety 

X = {((x',v'),gB e ) eOx H/B e \ g^x'g e (xsU)* ,g-\' G M n }, 

and let a : X — > C be the projection to the first factor, /3 : X — >■ H/B 6 the 
projection to the second factor. We show that for each z = (x', v') G C, 

(6.4.1) dimcr 1 ^) = dimU e - dim 0/2. 
In fact, a' 1 (z) coincides with the variety 

X z = {gB e e H/B e | (g-'x^g-'v') e n B l (0 T )}. 

where Ot is the T^-orbit in T id x M' n containing (x s ,0), and pb is a projetion 
B w x V -> T id x M' n . Then by Proposition 5.7 (ii) in [SS], dimX 2 < (u H - c/2) - 
(i7 — c) under the notation there. (In Proposition 5.7 (ii) in [SS], it is assumed that 
O C X nnh Ol C (A^) uni . However the proof there works for general O, Gl-) Since 
V = c = in our case, we have 

(6.4.2) dim X z < dim U e - dim C/2. 

On the other hand, X z contains a variety which is isomorphic to (7rf) _1 (a; M , v), 
where 7rf is a similar map as 7Ti defined for Ax = 27 9 x F with L = Zq(x s ). In the 
proof of Theorem 5.4 in [SS], it was shown that dim7rf 1 (2;i) = vn — dimCi/2 = 
(dimZj^(z 1 ) — rank H)/2 for any if -orbit G\ in X uni containing Z\. It follows that 

dim(-n[y l {x u ,v) = (dimZ^(^) -rank H)/2 = dirnU 8 - dim C/2. 

Combining this with (6.4.2), we obtain (6.4.1). 
Now (6.4.1) implies that 

dim X = dim C + (dim U 6 - dim C/2) = dim H/B 6 + dim C/2. 

On the other hand, for each gB e G H/B e , the fibre (3~ l (gB e ) is isomorphic to 

Gn((x s Uy e x M n ). Hence 

dimX = dim H/B e + dim(C n (x s U' e x M n )). 

The claim follows by comaparing those two formulas. 
Next we show (ii). In this case, we consider a variety 

X = {{(x,v),gB) EGxG/B\ g^xg G B.g^v G M m } 
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and a, : X — >■ O, (3 : X — ¥ G/B are projections as before. In this case, for each z£0, 
a^ 1 (z) is isomorphic to the Springer fibre ^^(z) for TTi : X mnni — > X m ^ uni in 2.6. By 
Proposition 2.7, we have dimvr^ 1 ^) = vq + (m — dim(9)/2 with z/^ = dimG/B. 
Then the claim follows by a similar argument as in (i). □ 

Proposition 6.5. Assume that G is not a torus. Then X does not contain a cuspidal 
character sheaf. 

Proof. Assume that G is not a torus. It is enough to prove the proposition in the case 
where X is the pure exotic case (including the symmetric space case) or the enhanced 
case (including the group case). First assume that X is the pure exotic type G Ld x V 
with G = GL 2n (n > 1). Let A = IC(U , £)[dimU] be a cuspidal character sheaf on 
X, where we may assume that U C Y(g,e) by Proposition 6.3. Hence in our case 
Z'j.gg = Y(g,z) and so S rcg fl U = U. Take (x, v) G U, and let x = x s x u be the 
Jordan decomposition of x. Let L = Zg(x s ) and Co be the Lg-orbit of (x u ,v) so 
that r reg = Z(L )f cg x O q . Let O be the F-orbit of (x,v). Put 8 = dimO and 
d = dimU. We consider the restriciton Res A with respect to B,T and Vr = M' n1 
where V = M n © M' n . Thus AT T = T id x M^. For z x = (x s ,0) G X T , we have 
k p \z x ) = {x s Uy e x M n . Then by Lemma 6.4 (i), we have H^iip 1 ^) n £>, Qj) ^ 0. 
Since TTp^^^flW = 7r p 1 (2; 1 )n(9, and the restriction of £ on n p 1 (z 1 )nO is a non-zero 
constant sheaf, we have H^-Kp 1 ^) r\U,S) ^ 0, and so Tl 5 - d (it P l (z) ciU, A) ^ 0. It 
follows that ■H s - d {{7T P ) l j*A) ^ 0. This implies that 

U CsuppH s - d (ResA), 

and we have dimsupp 7i s ~ d (Res A) > d. On the other hand, since A is cuspidal, we 
must have 

dimsupp U s ~ d (Res A) < d - 5. 

This is a contradiction. 

Next assume that X = G x V is the enhanced type with G = GL n (n > 2). 
Let A = \C(U,£) [dim E] be a cuspidal character sheaf on X, where £ = Z(G) x O 
with O C X m ^ n \. Put <5 = dim(9,(i = dimZ 1 . We consider the restriction Res A 
with respect to P = B, L = T, and V T = M' m where V = M m © M^. Hence 
A'y = T x M' m , and for ^ = (e, 0) G ^ T , we have itp 1 ^) = U x M m . Thus by 
Lemma 6.4 (ii), we have H^ +m (np 1 (zi) fl (9, Qj) 7^ 0. As in the previous case, this 
implies that Z(G) x {^i} C supp 'H 6+m ~ d (ResA), and we have 

d - 5 < dimsupp n s+m ~ d (ResA). 

On the other hand, since A is cuspidal, we have 

dim supp n s+m ' d (Res A) < (d - 5 - m) - c Xt = d - 5. 

(Here cx T = —to). Again this is a contradiction. The symmetric space case or the 
group case is dealt similarly. Thus the proposition is proved. 

□ 
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6.6. Recall that a is an integer given in (4.2.3). For a given X, we consider 
Xl = L id x Vl as before. We define an integer ex L by 

e Xh = a - 2 (dim U P + dim V/V L ) 

dim Up - dim Uf - 2 dim V/V L if L ^ T, 

dim £/ e - dim f/ te - dim V/ Vr - n(F r ) if L = T. 

The following result is a variant of [L3, I, Theorem 4.4]. 
Theorem 6.7. Le£ L G P, and Xl be as in 4..1. Assume that L ^ T. 

(i) For any A G X , there exists a character sheaf Aq G Xj, such that A is a 

direct summand of Ind x B A , up to shift. 
(ii) If A x G X L , then \nd* LP A l G V(X)^°. 
(hi) If AeX, then Res£ LiP A[-e X[ ] G V(X L )^°. 

(iv) If A G <V and i/X G A^ L (A'l) ^s suc/i that any constituent of K is contained 
in Xl, then 

Hom V (x L )(Res A[-e XL ), K) ~ Rom v(x) (A, IndK). 

If we restrict to the pure exotic case with Xl G S(X) or to the enhanced case, 
we have the following more precise results. Note that cx L — if X is of exotic type, 
and Cx L = ex L if X is of enhanced type. 

Proposition 6.8. Assume that X is of pure exotic type or the enhanced type. We 
define an induction functor by Ind° = Ind'fco] where cq = dim Up + dimV/VL- In 
the pure exotic case, we only consider Xl G S(X). Then we have the following. 

(i) For any A G X, there exists A G Xj. such that A is a direct summand of 

(ii) Assume that A\ G Xl (resp. A\ G X®) for L ^ T (resp. L = T). Then 
\nd oX XL)P AeM(X). 

(hi) If AeX, then Res XLP A[-cx L ] G V(X L )-°. 

(iv) If 'A G X and if K G Ai L (Xl) is such that any constituent of K is contained 
in Xl (resp. in X T ) if L ^ T (resp. if L = T), then 

Rom v{ x L) (ResA[-cx L ],K) ~ Eom v{ x){A,lnd° K). 

As a corollary, we obtain the classification of character sheaves on X, namely 
we have 

Corollary 6.9. The set X^ s coincides with Xc for each tame local system C on T . 
In particular, if X is the pure exotic type or the enhanced type, the set of character 
sheaves Xc is given by (4-8.1) or (4-8.2), respectively. 

6.10. We prove Theorem 6.7 and Proposition 6.8 simultaneously. The rest 
of the paper is devoted to the proof of these results. We prove them following the 
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strategy of the proof of Theorem 4.4 in [L3]. However, since Res A is not known 
to be a semisimple complex, and Ind A\ is not a perverse sheaf in general, we need 
to modify the argument in [L3] in some parts. When G is a maximal torus, the 
theorem is obvious. So we assume that G is not a torus, and that the theorem and 
the proposition are already proved for Xl for the choice of L C P ^ G according 
to the theorem or the proposition.. We shall prove them for X = Xq by using the 
inductive argument. 
First we show that 



(6.10.1) Theorem 6.7 (ii) holds for X . 



We assume that P ^ G. Clearly, we may assume that X is the exotic type or the 
enhanced type. First assume that X is the exotic type, namely X = G id x V with 
dimV = In. By applying 6.6 (i) to L, one can find A G Xj, such that A\ is a direct 
summand of Ind^ A up to shift. Here X? = T ld x Vr with Vt a quotient of Vj,. Now 
Xl is isomorphic to JT^ Xi, where Xi is the exotic type or the enhanced type. Here 
asssume that all the factors Xi are enhanced types. Then by 4.8, K\ = lnd x L Aq is 



o 



a semisimple perverse sheaf on Xl. On the other hand, again by 4.8, K = Ind^ A, 
is a semisimple complex contained in T>(X)-°. By Proposition 4.3, together with 
the degree shift, we have 

Ind£ T A [n - dim \//Vy ~ Ind^ (Indg A ). 

It follows that Ind^. K\ ~ K[f3\ with (3 = n — dim V + dim Vl < (since dim Vj, < n 
and dimV = 2n). Now A\ is a direct summand of K\. Since the induction preserves 
the direct sum, Ind^ A\ is a direct summand of Ind^ K\ ~ K\j3]. Thus Ind^ Ai 
is a semisimple complex contained in T)(X)-°. Next assume that A^ contains a 
factor Aq of the exotic type. We write X L = G e x V . Let B\ e A" be the factor 
of Ai corresponding to A" . Let T be the ^-stable maximal torus of Go appearing 
in the decomposition of T. Then there exists B e A^ o such that B\ e Ind^ 5 - 

By (4.8.1), we may choose that dimVr = no (dimVo = 2no). Hence Ind^. i?o is 
a semisimple perverse sheaf on Xq (namely, the factor iJ*(P™) does not appear). 
The induction for other factors Xi are described as in the above case. It follows that 
Ind^ Aq is a semisimple perverse sheaf on Xl. Then in a similar way as above, we 
can conclude that Ind£ L A x G V(X)^°. 

Next assume that X = G x V is the enhanced type with dim V — n. We see 
that Ind^ Ao is a semisimlpe perverse sheaf on Xl, and Ind^ T Ao is a semisimple 
perverse sheaf on X . By Proposition 4.3, together with the degree shift, we have 
Ind^. Ao[— dim V/Vl] = lnd x (Ind^. L Ao). By a similar argument as before, we have 
Ind£ L Ai G V(X)^°. Thus (6.10.1) holds. 



6.11. We consider a commutative diagram 
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D ^— X p —^ X 



D' ^— H x P id xV 






* L ^- P ty x V — ^ X, 
where 

D = H x p " (L i9 x \/ L ), (P e acts on L id thorugh the map P e ->■ P fl /C/| ~ L e ) 
D' = H xL id x V L , 

0: (^,p,u) H> (g,p,v), 

(5 : the quotient map by P e , 

f : the map induced from through the quotient by P 

7: (g,£,v)i-> (£,v), 

n ■ (g,P,v) h> (p,u), 

and the maps p, a are as in (4.2.1), the maps j, Tip are as in 5.1. Note that the map 
7Tp o n = 7 o coincides with the map r : H x P id x V — >■ A^ in (4.2.1). It is clear 
that both squares are cartesian squares. 

Let K G M. L (Xl) be a perverse sheaf such that any constituent is contained 
in X^. Since 7 is a principal P-bundle and (3 is a principal P -bundle, one can 
define K' = f3^K[- dim P ], so that ^K = J3K' with AT' G At(D). Since IndfsT = 
p\G\,(l o ^.^[a] (see (4.2.2)), we see that 

(6.11.1) Ind K ~ pjK'[a - c - dimUp], 

where c = dimPp + dimV7V L (cf. 5.1). Let A G A\ Recall that Res A = 
(n P )ij*A(c). We define Res + A = )\p*A[d](c) with d = dimU P . We show that 

(6.11.2) 7(ResA) ~ /3(Res+ A). 

In fact, since both squares in the diagram are cartesian squares, we have 

7(ResA)[-dim#](-c) ~ fain)* j* A, 
/3(Res + A)[- dim H](-c) ~ 0,<7*p*A 

Let ( = p o a, (' = j '• o T\. In order to show (6.11.2), it is enough to see that 
C* A ~ (C')*^- But ( (resp. CO is the composite of the inclusion H x P id x V •— > H x X 
and the map H x X — > X, (g, x, v) >->■ (gxg~ x , gv) (resp. (g, x, v) i-> (x, f )). Since A 
is an P-equivariant perverse sheaf, we have (*A ~ (£')*A and (6.11.2) follows. 
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Next we show, for any integer i, that 

(6.11.3) Rom v(D) (Res + A[-ex L ],K'[i\) ~ Hom v{x) (A,IndK\i]). 

In fact, by 0.2, the left hand side is equal to 

e -K'[ 
Rom(p*A, f*K'[i + 2c-d + e Xh }) 



Rom(f,p*A[d - e XL ](c), K'\i\) ~ Hom(p*A[d - e*J(c), fK'\i\) 



since /■ = f*[2c](c) as / is smooth with connected fibres of dimension c. On the 
other hand, again by 0.2, the right hand side is equal to 

Rom(A,pjK'[i + a-c- dimU e P ]) ~ Hom(pM, f*K'[i + a- dimU e P }) 

since p* = p\ as p is proper, and / = f*[c]. By definition in 6.6, a — dimUf, = 
2c -d + e XL . Thus (6.11.3) holds. 
Here we note that 

(6.11.4) IndK eV(X)-°. 

In fact, if we have an exact sequence — > K\ — \ K 2 — > K 3 — > in M. L (Xl), then 
(Ki, K 2 , K 3 ) gives a distingushed triangle in V L {X£). Since the functors r*,a\ )) p\ 
preserve the distinguished triangles, we see that (IndXi, \ndK 2 , Indi^ 3 ) is a distin- 
guished triangle in D H (X). Hence we have a perverse cohomology exact sequence 

> PH'^lndKi) > PH^lnd K 2 ) > ^(IndiQ > 



and liPH^lndKi) = O^H^lndK^ = 0, then ^(Indi^) = 0. In other words, if 
Indf^Indi^ e V(X)^°, then IndK 2 e V(X)^°. Since we know by (6.10.1) that 
Ind^! G V(X)-° for any constituent A\ of K, we obtain (6.11.4) by applying the 
above argument to a composition series of K. 

If i < 0, we have Hom^) (A, IndX[i]) = since A e M(X), and IndK e 
V(X)^° by (6.11.4). It follows from (6.11.3) that 

(6.11.5) Hom c(D) (Res + A[-e XL ], K'[i\) = for i < 0. 
Now we show that 

(6.11.6) p H i (Res + A[-e Xl ]) =0 for i > 0. 

Suppose not, and let i > be an integer such that p H l (Res + A[— e x A) ^ 0. Then 
there exists a non-zero morphism 

Res + A[-e XL ] -)■ ( p # l (Res+ A[-e^]))[-i]. 
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Put K = p H\ResA[-ex L }) and K' = p H i (Res + A[-e Xl }). Then by Proposition 
4.6, any constituent of K is contained in Xl- Since the perverse cohmology functor 
commutes with /3,7, (6.11.2) implies that (5K' ~ ^yK. Thus, one can apply (6.11.5), 
which implies that there exists no non-zero morphism Res + A[— ex L ] — > K'[—i\ for 
i > 0. This is a contradiction, and (6.11.6) follows. 
(6.11.6) is equivalent to the statement that 



(6.11.7) Res + A[-e Xl ] e V(D) 



<o 



Applying f3 to (6.11.7), we have /3(Res + A[-e Xl ]) G V(D')^°. Thus by (6.11.2), we 
have j(Res A[-ex L }) G V(D')^°, and so ResA[-e*J G £>(;t L )- . Hence we have 
proved 

(6.11.8) Theorem 6.7 (hi) holds for X. 
We have 

Hom(A, Ind K) ~ Hom(Res + A[-e Xl ], K') (by (6.11.3) with i = 0) 

~ Hom(/3Res+ A[-e^J, /3K') (by (6.11.7) and (0.2.3)) 

~Kom(iRjesA[-e XL ]nK) (by (6.11.2)) 

~ Hom(ResA[-e^], J fsr) (by (6.11.8) and (0.2.3)). 

It follows that 

(6.11.9) Theorem 6.7 (iv) holds for X. 

6.12. We consider the situation in Proposition 6.8. We shall prove (ii) in the 
proposition. So take A\ G X^. Then there exists A G Xj. such that A\ appears as a 
direct summand of the semisimple perverse sheaf Ind ^ Aq. In this case, Ind°^ T Ao is 
also a semisimple perverse sheaf, and by Propsition 4.3 together with the condition 
on shift, we have Ind ^^ = \\xi Xl (\xx{ X L A$). Hence in a similar discussion 
as in (ii) of the thorem, we obtain (ii). If we notice that Cq = 1c — cx L , similar 
arguments as in the proof of (iii) and (iv) of the theorem imply that (iii) and (iv) 
of the proposition hold. 

6.13. Finally, we show that 

(6.13.1) Theorem 6.7 (i) and Proposition 6.8 (i) hold for any A G X. 

In fact, the induction functors in the theorem and in the proposition only differ by 
shift. So it is enough to show the assertion for Proposition 6.8. Since G is not a 
torus, A is not cuspidal by Proposition 6.5. Hence there exists L C P ^ G and 
X L such that Res A[-c Xl - 1] i V(X L )^°, namely p ^(Res A[-c Xl \) + for some 
% > 0. 

First assume that L ^ T. By Proposition 6.8 (iii), p H l (Res A[— cx L }) = for 
any i > 0. It follows that p H°(ResA[—cx L ]) ^ 0, and there exists a non-zero 
morphsim ResA[— Cx L ] — > p H°(Res A[— Cx L ])- One can find a non-zero morphism 
ResA[— c Xl ] — > Ai, where A 1 G X L is a simple constituent of p H°(Res A[— c Xl ])- 
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By Applying Proposition 6.8 (iv), there exists a non-zero morphism A — > Ind° A\. 
Since Ind° A\ is a semisimple perverse sheaf, and A is a simple perverse sheaf, A is 
isomorphic to a direct summand of Ind ^4i. By induction, A\ is a direct summand 
of Ind ^ B Aq for a character sheaf A G X^. Since Ind° Ai is semisimple, A is a 
direct summand of Ind ^ P o Ind ^ B = Ind ^ b Aq. Hence (6.13.1) holds for X. 
Next assume that L = T. In this case cx T = &x T f° r our choice X T G iS(A'). 
We consider Af T = T id x \/ r and X' T = T iB x Vj,. Assume that V T is a quotient of 
Vt, and let p = id xp : <^t — >■ ^t be the map obtained from the projection p : 
V T -> 14. Then Res** A = p, Res^ A. Now assume that p fP(Res£ T A[-e* T ]) ^ 

for some % > 0, and let A x G A^ be its simple constituent. Then by (3.4.1), 
A\ = £y"i[dim X T y^ for a Testable subspace V\ of Vy. Here we take V T = Vt/Vi. 
Since £ Vl = SMQi on T t9 x Vi, we see that p.Ai = A[ [- dim VI] for some A[ G (X T )°. 
This shows that p H l (Res x i A[—ex']) 7^ 0. In other words, we may replace Xt by 
X T . Repeating this process, we reach to the case where any simple constituent of 
p H 1 (Kes A[—ex"]) is contained in {Xtf)° for any % > 0. (But here Xj. is not necesarily 
contained in S(X).) Then as noticed in (6.11.4), we have IndK G V(X)-° for 
K = P/P(ResA[-e;r»]). We define Res + A as in (6.11.2). Then as in (6.11.7), we 
have Res + A[-e x ^] G 'D(A')- , and 

Rom v{x ^(Res A[-e x ^], K) ~ Horn© w (A, Ind X) . 

Now by a similar argument as in the proof of the first case, one can find A G (X^)° 
such that A is a direct summand of Ind^// Aq, up to shift. Hence Theorem 6.7 (i) 
holds. But by (4.8.1) and (4.8.2), if A is a direct summand of Ind^» A , up to shift, 
then one can replace Xj, by Xt G S(X). Thus (6.13.1) holds. This completes the 
proof of the theorem and the proposition. 

Remark 6.14. In order to prove Theorem 6.7 (i), whcih implies the classification 
of character sheaves, the general setting as in the theorem is unnecessary. In fact, 
in the pure exotic case, we hav only to consider Xi G S(X)) for L 7^ T, and general 
Xt- The discussion for the proof of the proposition is parallel to the discussion for 
the theorem, and is independent at least for L ^ T. 
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